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OPERADS AND ALGEBRAIC HOMOTOPY
JUSTIN R. SMITH
Abstrat. This paper proves that the homotopy type of a simply-onneted,
pointed simpliial set is determined by the hain-omplex augmented with
funtorial diagonal and higher diagonal maps similar to those used to dene
Steenrod operations. The treatment is entirely self-ontained  simplifying,
extending, and orreting results from the author's monograph Iterating the
obar onstrution, AMS Memoirs, volume 109.
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1. Introdution
The easiest way to onvey the avor of this paper's results is with a simple
example. Suppose X and Y are pointed, simply-onneted, 2-redued simpliial
sets. There are many topologial invariants assoiated with the hain-omplexes of
X and Y  inluding the oprodut and Sn-equivariant higher oproduts (used
to dene Steenrod operations):
RSn ⊗ C(X) → C(X)
n
RSn ⊗ C(Y ) → C(Y )
n
for all n > 1, where:
1. RSn is the bar-resolution of Z over ZSn.
2. (∗)n denotes the n-fold tensor produt over Z (with Sn ating by permuting
fators).
Now suppose we know (from a purely algebrai analysis of these hain-omplexes)
that there exists a hain-map induing homology isomorphisms
f :C(X)→ C(Y )
and making
RSn ⊗ C(X) //
1⊗f

C(X)n
fn

RSn ⊗ C(Y ) // C(Y )
n
(1.1)
ommute for all n > 1 (requiring exat ommutativity is unneessarily restritive,
but we assume it to simplify this disussion).
Then our theory asserts that X and Y are homotopy equivalent via a geometri
map induing a map hain-homotopi to f . In fat, our theory goes further than
this: if f is any hain-map making 1.1 ommute for all n > 1, there exists a map
of topologial realizations
F : |X | → |Y |
induing a map equivalent to f (see theorems 9.5 and 9.7 for the exat statements).
Essentially, Steenrod operations on the hain-level determine:
• the homotopy types of spaes and maps,
• all obstrutions to topologially realizing hain-maps.
I view this work as a generalization of Quillen's haraterization of rational homo-
topy theory in [17℄  he showed that rational homotopy types are determined by a
ommutative oalgebra strutures on hain-omplexes; we show that integral homo-
topy types are determined by oalgebra strutures augmented by higher diagonals.
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In  2, we dene operads and m-oalgebras. Operads are templates for generi
algebrai strutures  for instane, one an easily dene ommutative algebras and
oalgebras, Lie algebras, and so forth, using suitable operads (see [13℄).
M-oalgebras are oalgebras over ertain types of operads  essentially, m-
oalgebras are hain-omplexes equipped with higher diagonals as in the example
above. The onept of m-oalgebra enapsulates this diagonal and higher diagonal
data.
In  2.3, we dene a partiular operad, S, with topologial signiane in our
theory. We also dene a funtor C(∗) that assoiates an m-oalgebra (over the
operadS) to a simply-onneted pointed 2-redued simpliial set. This m-oalgebra
is nothing but the hain-omplex of the spae equipped with the natural higher
diagonal and diagonal maps used in dening up produts and Steenrod operations.
In  3, we dene a ategory of m-oalgebras, L0 and a loalization of it, L by a
lass of maps alled elementary equivalenes. This gives rise to a homotopy theory
of m-oalgebras in terms of whih we an state this paper's main result:
Theorem 9.12 and 9.19:The funtor
C(∗): Homotop
0
→ L+
denes an equivalene of ategories and homotopy theories (in the sense of
[16℄), where Homotop
0
is the homotopy ategory of pointed, simply-onneted
CW-omplexes and ontinuous maps and L+ ⊂ L is the subategory of topologially
realizable m-oalgebras. In addition, there exists an equivalene of ategories and
homotopy theories
C(∗):F → F+
where F is the homotopy ategory of nite, pointed, simply-onneted simpliial
sets and F+ is the homotopy ategory of nitely generated, topologially realizable
m-oalgebras in L0 loalized with respet to nitely generated equivalenes in L0.
In the spirit of our initial statement, one orollary to this result is
Corollary 9.20: Let X and Y be pointed, simply-onneted semisimpliial sets
and let
f :C(X)→ C(Y )
be a hain-map between anonial hain-omplexes. Then f is topologially re-
alizable if and only if there exists an m-oalgebra C over S and a fatorization
f = fβ ◦ fα
C(X1)
fα // C
fβ
//
C(X2)oo
ι
where fα is a morphism of m-oalgebras, ι is an elementary equivalene  an
injetion of m-oalgebras with ayli, Z-free okernel  and fβ is a hain map
that is a left inverse to ι. If X and Y are nite, we may require C to be nitely
generated.
The rest of the paper builds the mahinery neessary to prove this result. The
most important piee is the obar onstrution of an m-oalgebra. The obar on-
strution was dened by J. F. Adams in [1℄ and it determines the hain omplex of
the loop spae of a spae.
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We show that every m-oalgebra, C, has a well-dened obar onstrution, FC,
that omes equipped with a well-dened (see 6.16) and topologially valid (see 8.5)
m-oalgebra struture. Although this was stated in [20℄, the present treatment uses
more standard notation (i.e., operads) and simplies (and, in some ases, orrets)
the proofs in that paper.
One of the most interesting aspets of this researh is that the obar onstrution
seems to be the key to homotopy theory  understanding it leads quikly to our
main theorem.
In  4, we dene A∞-strutures on algebras and oalgebras. Roughly speaking,
A∞-strutures are algebra (or oalgebra) strutures that are homotopy assoiative.
All m-oalgebras ome equipped with a anonial A∞-oalgebra struture.
In  5, we give a slightly nonstandard denition of the bar and obar onstrutions
in terms of iterated algebrai mapping ones. This nonstandard denition failitates
the proof of an important duality theorem (proposition 5.32).
In  6, we ompute our m-oalgebra struture of the obar onstrution and the
anonial ayli twisted tensor produt with ber equal to the obar onstrution.
In  8, we prove that these onstruts are are topologially valid.
This paves the way for the main results in  9.
It is neessary to ompare our results those of Smirnov (in his remarkable paper
[18℄) and several of his other papers. In [18℄, he showed that the homotopy type of
a spae was determined by its hain-omplex augmented with a oalgebra struture
over an operad E∗. Smirnov's struture is more omplex than ours: his operad's
omponents, E(n), are unountably generated in all dimensions and for all values
of n > 1. Smirnov's higher diagonal map ontains so muh data it is almost
surprising that it only determines a spae's homotopy type.
Although there is no obvious onnetion between Smirnov's invariant and more
ommonly used homotopy invariants (suh as Steenrod operations, oproduts,
et.), he develops a onnetion with Steenrod squares in  4 of [18℄ and other
strutures of the Steenrod algebra in [19℄. It would be interesting to eluidate the
preise relationship between Smirnov's work and ours.
I feel it is also appropriate to ompare and ontrast my results with work of
Mihael Mandell. In [14℄, he proved
Main Theorem. The singular ohain funtor with oeients in Z¯p indues
a ontravariant equivalene from the homotopy ategory of onneted nilpotent p-
omplete spaes of nite p-type to a full subategory of the homotopy ategory of
E∞ Z¯p-algebras.
Here, p denotes a prime and Z¯p the algebrai losure of the nite eld of p
elements. E∞-algebras are dened in [13℄  they are modules over a suitable
operad.
Sine Dr. Mandell haraterizes nilpotent p-omplete spaes in terms of E∞ Z¯p-
algebras, his results appear to be dual to mine. This is not the ase, however. A
omplete haraterization of nilpotent p-omplete spaes does not lead to one of
integral homotopy types: One must somehow know that p-loal homotopy equiva-
lenes path together. Consequently, his results do not imply mine.
The onverse statement is also true: My results do not imply his.
My results in [20℄ and the present paper imply that all the primes mix when one
studies algebrai properties of homotopy theory (for instane the p-loal struture
of the obar onstrution of a spae depends on the q-loal struture of the spae for
4
Justin R. Smith OPERADS AND ALGEBRAIC HOMOTOPY
all primes q ≥ p). This is intuitively lear when onsiders the omposite (1⊗∆)◦∆
(iterated oproduts) and notes that Z2 ating on both opies of ∆ give rise to
elements of the symmetri group on 3 elements.
Consequently, a haraterization of integral homotopy does not lead to a p-loal
homotopy theory: In killing o all primes other than p, one also kills o ruial
information needed to ompute the obar onstrution of a spae.
In [14℄, Dr. Mandell proved that one must pass to the algebrai losure of Zp to
get a haraterization of p-omplete homotopy theory. I onjeture that, in passing
to the algebrai losure, one kills o additional data within the homotopy type 
namely the data that depends on larger primes. Consequently, one restores alge-
brai onsisteny to the theory, regaining the ability to haraterize loal homotopy
types.
I would like to express my appreiation to Jim Stashe for aquainting me with
operads and for his enouragement. Some of the material in this paper grew out of
a series of six letures I gave in Jim Stashe's Deformation Theory Seminar at the
University of Pennsylvania.
I would also like to thank Peter May and Mark Mahowald for their enourage-
ment.
I am indebted to Drexel University for funding my attendane at the JAMI on-
ferene at Johns Hopkins University on Reent Developments in Homotopy Theory.
2. Operads and m-oalgebras
2.1. Denitions. Many of these denitions appeared in [20℄. Unfortunately, that
paper used a very nonstandard notation. Sine that paper appeared, the author
has standardized and simplied most of these denitions. See C for a omparison
of the two systems of notation.
Denition 2.1. Let C and D be two graded Z-modules. A map of graded modules
f :Ci → Di+k will be said to be of degree k.
Remark 2.2. For instane the dierential of a hain-omplex will be regarded as a
degree −1 map.
We will make extensive use of the Koszul Convention (see [8℄) regarding signs in
homologial alulations:
Denition 2.3. If f :C1 → D1, g:C2 → D2 are maps, and a⊗b ∈ C1⊗C2 (where a
is a homogeneous element), then (f⊗g)(a⊗b) is dened to be (−1)deg(g)·deg(a)f(a)⊗
g(b).
Remark 2.4. This onvention simplies many of the ommon expressions that our
in homologial algebra  in partiular it eliminates ompliated signs that our
in these expressions. For instane the dierential, ∂⊗, of the tensor produt ∂C ⊗
1 + 1⊗ ∂D.
Throughout this entire paper we will follow the onvention that group-elements
at on the left. Multipliation of elements of symmetri groups will be arried out
aordingly  i.e. (
1 2 3 4
2 3 1 4
)
·
(
1 2 3 4
4 3 2 1
)
=
5
OPERADS AND ALGEBRAIC HOMOTOPY Justin R. Smith
result of applying
(
1 2 3 4
2 3 1 4
)
after applying
(
1 2 3 4
4 3 2 1
)
or
n
(
1 2 3 4
4 1 3 2
)
.
Let fi, gi be maps. It isn't hard to verify that the Koszul onvention implies
that (f1 ⊗ g1) ◦ (f2 ⊗ g2) = (−1)
deg(f2)·deg(g1)(f1 ◦ f2 ⊗ g1 ◦ g2).
We will also follow the onvention that, if f is a map between hain-omplexes,
∂f = ∂ ◦ f − (−1)deg(f)f ◦ ∂. The ompositions of a map with boundary operations
will be denoted by ∂ ◦ f and f ◦ ∂  see [8℄. This onvention learly implies that
∂(f ◦ g) = (∂f) ◦ g + (−1)deg(f)f ◦ (∂g). We will all any map f with ∂f = 0 a
hain-map. We will also follow the onvention that if C is a hain-omplex and
↑:C → ΣC and ↓:C → Σ−1C are, respetively, the suspension and desuspension
maps, then ↑ and ↓ are both hain-maps. This implies that the boundary of ΣC is
− ↑ ◦∂C◦ ↓ and the boundary of Σ
−1C is − ↓ ◦∂C◦ ↑.
Denition 2.5. We will use the symbol T to denote h transposition operator
for tensor produts of hain-omplexes T :C ⊗ D → D ⊗ C, where T (c ⊗ d) =
(−1)dim(c)·dim(d)d⊗ c.
Proposition 2.6. Let C and D be hain-omplexes. Then there exist isomor-
phisms
Lk =↓
k
C⊗D ◦(↑
k
C ⊗1D): Σ
−kC ⊗D → Σ−k(C ⊗D)
sending c⊗ d ∈ Σ−kCi ⊗Dj to c⊗ d ∈ Σ
−k(C ⊗D)i+j , r , d ∈ Dj , and
Mk =↓
k
C⊗D ◦(1C⊗ ↑
k
D):C ⊗ Σ
−kD → Σ−k(C ⊗D)
sending c ⊗ d ∈ Ci ⊗ Σ
−kDj to (−1)
ikc ⊗ d ∈ Σ−k(C ⊗ D)i+j , for c ∈ Ci and
d ∈ Σ−kDj = Dj+k.
Denition 2.7. Let αi, i = 1, . . . , n be a sequene of nonnegative integers whose
sum is |α|. Dene a set-mapping symmetri groups
Tα1,...,αn :Sn → S|α|
as follows:
1. for i between 1 and n, let Li denote the length-αi integer sequene:
2. ,where Ai =
∑i−1
j=1 αj  so, for instane, the onatenation of all of the Li is
the sequene of integers from 1 to |α|;
3. Tα1,...,αn(σ) is the permutation on the integers 1, . . . , |α| that permutes the
bloks {Li} via σ. In other words, σ s the permutation(
1 . . . n
σ(1) . . . σ(n)
)
then Tα1,...,αn(σ) is the permutation dened by writing(
L1 . . . Ln
Lσ(1) . . . Lσ(n)
)
and regarding the upper and lower rows as sequenes length |α|.
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Remark 2.8. Do not onfuse the T -maps dened here with the transposition map
for tensor produts of hain-omplexes. We will use the speial notation Ti to rep-
resent T1,...,2,...,1, where the 2 ours in the i
th
position. The two notations don't
onit sine the old notation is never used in the ase when n = 1. Here is an exam-
ple of the omputation of T2,1,3((1, 3, 2)) = T2,1,3
(
1 2 3
3 1 2
)
:L1 = {1}2, L2 =
{3}, L3 = {4, 5, 6}. The permutation maps the ordered set {1, 2, 3} to {3, 1, 2},
so we arry out the orresponding mapping of the sequenes {L1, L2, L3} to get(
L1 L2 L3
L3 L1 L2
)
=
(
{1, 2} {3} {4, 5, 6}
{4, 5, 6} {1, 2} {3}
)
=
(
1 2 3 4 5 6
4 5 6 1 2 3
)
(or ((1, 4)(2, 5)(3, 6)), in yle notation).
Denition 2.9. A sequene of dierential graded Z-free modules, {Ui}, will be
said to form an operad if they satisfy the following onditions:
1. there exists a unit map (dened by the ommutative diagrams below)
η:Z→ U1
2. for all i > 1, Ui is equipped with a left ation of Si, the symmetri group.
3. for all k ≥ 1, and is ≥ 0 there are maps
γ:Ui1 ⊗ · · · ⊗ Uik ⊗ Uk → Ui
where i =
∑k
j=1 ij .
The γ-maps must satisfy the following onditions:
Assoiativity: the following diagrams ommute, where
∑
jt = j,
∑
is = i,
and gα =
∑α
ℓ=1 jℓ and hs =
∑gs
β=gs−1+1
iβ:(⊗j
s=1 Uis
)
⊗
(⊗k
t=1 Ujt
)
⊗ Uk
Id⊗γ
//
shue

(⊗j
s=1 Uis
)
⊗ Uj
γ

Ui
((⊗jt
q=1 Uigt−1+q
)
⊗
⊗k
t=1 Ujt
)
⊗ Uk
(⊗tγ)⊗Id
//
(⊗k
t=1 Uhk
)
⊗ Uk
γ
OO
Units: the following diagrams ommute:
Z
k ⊗ Uk
∼= //
ηk⊗Id

Uk
U1
k ⊗ Uk
γ
::vvvvvvvvv
Uk ⊗ Z
∼= //
Id⊗η

Uk
Uk ⊗ U1
γ
::vvvvvvvvv
Equivariane: the following diagrams ommute:
Uj1 ⊗ · · · ⊗ Ujk ⊗ Uk
γ
//
σ−1⊗σ

Uj
Tj1,...,jk (σ)

Ujσ(1) ⊗ · · · ⊗ Ujσ(k) ⊗ Uk γ
// Uj
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where σ ∈ Sk, and the σ
−1
on the left permutes the fators {Uji} and the σ
on the right simply ats on Uk. See 2.7 for a denition of Tj1,...,jk(σ).
Uj1 ⊗ · · · ⊗ Ujk ⊗ Uk
γ
//
τ1⊗···τk⊗Id

Uj
τ1⊕···⊕τk

Ujσ(1) ⊗ · · · ⊗ Ujσ(k) ⊗ Uk γ
// Uj
where τs ∈ Sjs and τ1 ⊕ · · · ⊕ τk ∈ Sj is the blok sum.
Remark 2.10. The alert reader will notie a disrepany between our denition of
operad and that in [13℄ (on whih it was based). The dierene is due to our
using operads as parameters for systems of maps, rather than n-ary operations.
We, onsequently, ompose elements of an operad as one omposes maps, i.e. the
seond operand is to the left of the rst. This is also why the symmetri groups
at on the left rather than on the right.
We will frequently want to think of operads in other terms:
Denition 2.11. Let U be an operad, as dened above. Given k1 ≥ k2 > 0, dene
the ith omposition
◦i:Uk2 ⊗ Uk1 → Uk1+k2
as the omposite
(2.1) Z⊗ · · · ⊗ Z⊗ Uk2 ⊗ Z⊗ · · · ⊗ Z︸ ︷︷ ︸
ithfator
⊗Uk1
→ U1 ⊗ · · · ⊗ U1 ⊗ Uk2 ⊗ U1 ⊗ · · · ⊗ U1︸ ︷︷ ︸
ithfator
⊗Uk1 → Uk1+k2−1
where the nal map on the right is γ.
These ompositions satisfy the following onditions, for all a ∈ Un, b ∈ Um, and
c ∈ Ut:
Assoiativity: (a ◦i b) ◦j c = a ◦i+j−1 (b ◦j c)
Commutativity: a ◦i+m−1 (b ◦j c) = (−1)
mnb ◦j (a ◦i c)
Equivariane: a ◦σ(i) (σ · b) = T1,...,n,...,1︸ ︷︷ ︸
ith position
(σ) · (a ◦i b)
Remark 2.12. In [20℄, I originally dened operads (or formal oalgebras) in terms
of these ompositions. It turned out that I'd reapitulated the historial sequene
of events: operads were originally dened this way and alled omposition algebras.
I am indebted to Jim Stashe for pointing this out to me.
Given this denition of operad, we reover the γ map in 2.9 by setting:
γ(ui1 ⊗ · · · ⊗ uik) = ui1 ◦1 · · · ◦k−1 uik ◦k uk
(where the implied parentheses assoiate to the right). It is left to the reader to
verify that the two denitions are equivalent (the ommutativity ondition, here,
is a speial ase of the equivariane ondition).
Morphisms of operads are dened in the obvious way:
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Denition 2.13. Given two operads U and V, a morphism
f :U→ V
is a sequene of hain-maps
fi:Ui → Vi
ommuting with all the diagrams in 2.9 or (equivalently) preserving the omposition
operations in 2.11.
Now we give some examples:
Denition 2.14. The operad S0 is dened via
1. Its nth omponent is ZSn  a hain-omplex onentrated in dimension 0.
2. The omposition operations are dened by
γ(σi1 ⊗ · · · ⊗ σik ⊗ σ) = σiσ(k) ⊕ · · · ⊕ σiσ(k) ◦ Ti1,...,ik(σ)
Remark 2.15. This was denoted M in [13℄.
Veriation that this satises the required identities is left to the reader as an
exerise.
Denition 2.16. Let S denote the E∞-operad with omponents
RSn
 the bar resolutions of Z over ZSn for all n > 0. This is a partiularly important
operad and  2.3 is devoted to it.
Remark 2.17. This is the result of applying the unredued bar onstrution to
the previous example.
Denition 2.18. Coassoc is an operad dened to have one basis element {bi} for
all integers i ≥ 0. Here the rank of bi is i and the degree is 0 and the these elements
satisfy the omposition-law: bi ◦α bj = bi+j−1 regardless of the value of α, whih
an run from 1 to j. The dierential of this operad is identially zero.
Now we dene two important operads assoiated to any Z-module.
Denition 2.19. Let C be a DGA-module with augmentation ǫ:C → Z, and
with the property that C0 = Z. Then the Coendomorphism operad, CoEnd(C), is
dened to be the operad with:
1. omponent of rank i = HomZ(C,C
i), with the dierential indued by that
of C and Ci. The dimension of an element of HomZ(C,C
i) (for some i) is
dened to be its degree as a map.
2. The Z-summand is generated by one element, e, of rank 0.
Suppose D ⊂ C is a diret summand. We dene, CoEnd(D,C), the
o-endomorphism operad of C relative to D to be the sub-operad of CoEnd(C)
generated by elements of HomZ(C,C
i) that send D ⊂ C to Di ⊂ Ci.
Remark 2.20. Both operads are unitary  their ommon identity element is the
identity map id ∈ HomZ(C,C). One motivation for operads is that they model the
iterated oproduts that our in CoEnd(∗). We will use operads as an algebrai
framework for dening other onstruts that have topologial appliations.
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In like fashion, we dene the endomorphism operad:
Denition 2.21. If C is a DGA-module, the endomorphism operad, End(C) is
dened to have omponents
HomZ(C
n, C)
and ompositions that oinide with endomorphism ompositions. If an:Sn →
Aut(C) denes a group-ation for all n > 0, we dene:
1. the right rossed endomorphism operad End{an}(C) to have omponents
HomZ(C
n, C), as before, and a ZSn-ation that simultaneously permutes the
fators of Cn in HomZ(C
n, C) and ats on the right hand argument via {an}.
2. The left rossed endomorphism operad {an}End(C) to have omponents
HomZ(C
n, C) and ZSn-ation that simultaneously permutes the fators of
Cn in HomZ(C
n, C) and ats on eah fator via {an}.
There is an interesting duality between the endomorphism and o-endomorphism
operads:
Theorem 2.22. (Duality Theorem) Let C be a hain omplex and let A be a ring
equipped with an Sn-ation an:Sn → Aut(A) for all n > 0 with the property that
the following diagram and ommutes for all n > 0 and σ ∈ Sn.
An
σ //
µn−1

An
µn−1

A
an(σ)
// A
where An is the n-fold Z-tensor produt of opies of A and µn−1 is the iterated
produt of A. There exists a morphism of operads (alled the up produt morph-
ism):
CoEnd(C)→ End{a′n}(HomZ(C,A))
where a′n = HomZ(1, an).
Remark 2.23. This morphism is injetive if the ring A has no 0-divisors.
If A is a DGA-algebra, HomZ(C,A)must be the hyperohomology hain omplex.
If A is ommutative, the Sn-ation on A is trivial and End{an}(HomZ(C,A))
beomes the ordinary (non-twisted) endomorphism operad.
Proof. Given any morphism z:C → Cn we onstrut a morphism
z′: HomZ(C,A)
n → HomZ(C,A) as follows:
For all n > 1, dene a map
Hn:HomZ(C,A) ⊗ · · · ⊗HomZ(C,A)︸ ︷︷ ︸
n factors
→ HomZ(C
n, An)
in the obvious way: send f1 ⊗ · · · ⊗ fn with fi ∈ HomZ(C,A) to the morphism
Cn → An that sends c1 ⊗ · · · ⊗ cn to f1(c1) ⊗ · · · ⊗ fn(cn) ∈ A
n
. Now dene
10
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z′: HomZ(C,A)
n → HomZ(C,A) to be the omposite
HomZ(C,A)
n
Hn

HomZ(C
n, An)
HomZ(1Cn ,µ
n−1)

HomZ(C
n, A))
HomZ(z,1A)

HomZ(C,A)
where µn−1:An → A is the produt operation of A. This map is easily see to
preserve the Sn-ation.
We must now verify that this preserves ompositions. Let z1:C → C
n
and
z2:C → C
m
and onsider the ith omposition z1 ◦i z2:C → C
n+m−1
:
HomZ(C,A)
n+m−1
Hn+m−1

HomZ(C
n+m−1, An+m−1)
HomZ(1Cn+m−1 ,µ
n+m−2)

HomZ(C
n+m−1, A))
HomZ(z1◦iz2,1A)

HomZ(C,A)
We begin by deomposing some maps (using the assoiativity of µ) to get
HomZ(C,A)
n+m−1
Hn+m−1

HomZ(C
n+m−1, An+m−1)
HomZ(1Cn+m−1 ,1⊗···⊗µ
m−1⊗···⊗1)

HomZ(C
n+m−1, An)
HomZ(1Cn+m−1 ,µ
n−1)

HomZ(C
n+m−1, A))
HomZ(1⊗···⊗z2⊗···1,1A)

HomZ(C
n, A))
HomZ(z1,1A)

HomZ(C,A)
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Now we permute two maps to get
HomZ(C,A)
n+m−1
Hn+m−1

HomZ(C
n+m−1, An+m−1)
HomZ(1Cn+m−1 ,1⊗···⊗µ
m−1⊗···⊗1)

HomZ(C
n+m−1, An)
HomZ(1⊗···⊗z2⊗···1,1A)

HomZ(C
n, An)
HomZ(1Cn+m−1 ,µ
n−1)

HomZ(C
n, A))
HomZ(z1,1A)

HomZ(C,A)
The onlusion follows by permuting the seond and third map from the top with
Hn+m−1.
Now we onsider a speial lass of operads that play a ruial role in the sequel:
Denition 2.24. An operad U = {Un} will be alled an E∞-operad if Un is a
ZSn-free resolution of Z for all n > 0.
Remark 2.25. In [13℄, Kriz and May dene an A∞-operad as a non-Σ analogue of
an E∞-operad. We do not do this here sine we will be espeially onerned with
a partiular A∞-operad, dened in  4.
Proposition 2.26. Every morphism of E∞-operads
m:R1 → R2
indues homology isomorphisms in all dimensions and for all omponents.
Proof. This is due to 2.9 and the requirement that every morphism preserve the
unit map.
Corollary 2.27. Every diagram of E∞-operads
RA R1
f
oo
R2
g
OO
12
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an be ompleted to a pullbak
RA R1
f
oo
R2
g
OO
RD
u
OO
v
oo
Proof. HereRD is the standard graded module-pullbak ker(f−g):RB⊕RC → RA.
It is lear that this kernel is an operad, and a glane at the exat sequene in
homology indued by f−g (and the fat that g and f indue homology isomorphisms
in all dimensions and for all degrees  see 2.26) shows that it is also E∞.
Given these denitions, we an dene:
Denition 2.28. Let U be an operad and let C be a DG-module equipped with a
morphism (of operads)
f :U→ CoEnd(C)
Then C is alled a oalgebra over U with struture map f . If C is equipped with a
morphism of operads
f :U→ End(C)
then C is alled a algebra over U with struture map f .
Remark 2.29. A oalgebra, C, over an operad, U, is a sequene of maps
fn:U⊗ C → C
n
for all n > 0, where fn is ZSn-equivariant. These maps are related in the sense
that they t into ommutative diagrams:
Un ⊗ Um ⊗ C
◦i

Un+m−1 ⊗ C
fn+m−1

Cn+m−1
Un ⊗ Um ⊗ C
1⊗fm

Un ⊗ C
m
Vi−1

Ci−1 ⊗ Un ⊗ C ⊗ C
m−i
1⊗···⊗fn⊗···⊗1
//
for all n,m ≥ 1 and 1 ≤ i ≤ m. Here V :Un ⊗C
m → Ci−1 ⊗Un ⊗C ⊗C
m−i
is the
map that shues the fator Un to the right of i − 1 fators of C. In other words:
The abstrat omposition-operations in U exatly orrespond to ompositions of
maps in {HomZ(C,C
n)}. We exploit this behavior in appliations of oalgebras
over operads, using an expliit knowledge of the algebrai struture of U.
Note that a morphism f :U → CoEnd(D,C), where CoEnd(D,C) is dened in
2.19 orresponds to strutures of oalgebras with sub-oalgebras.
In very simple ases, one an expliitly desribe the maps dening a oalgebra
over an operad:
Denition 2.30. Dene the oalgebra, I  the unit interval  over S (see 2.16
and  2.3) via:
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1. Its Z-generators are {p0, p1} in dimension 0 and q in dimension 1, and its
adjoint struture map is rn: RSn ⊗ I → I
n
, for all n > 1.
2. The oprodut is given by r2([ ] ⊗ pi) = pi ⊗ pi, i = 0, 1, and r2([ ] ⊗ q) =
p0 ⊗ q + q ⊗ p1.
3. The higher oproduts are given by r2([(1, 2)]⊗ q = q⊗ q, r2([(1, 2)]⊗pi) = 0,
i = 0, 1 and r2(a⊗ I) = 0, where a ∈ RS2 has dimension > 1.
Remark 2.31. This, oupled with the operad-identities in S sue to dene the
oalgebra struture of I in all dimensions and for all degrees.
Proposition 2.32. Coassoiative oalgebras are preisely the oalgebras over
Coassoc.
Remark 2.33. There are some subtleties to this denition, however. It is valid if
we regard Coassoc as a non-Σ operad. If we regard it as an operad with trivial
symmetri group ation, then we have dened oassoiative, oommutative oal-
gebras.
We have two omplementary results:
Proposition 2.34. Every hain omplex is trivially a oalgebra over its own oen-
domorphism operad.
Although the following result is elementary, it must be stated. It implies that
we an form quotients of oalgebras over operads:
Proposition 2.35. Suppose f :D → C is a split injetion of hain-omplexes, and
let CoEnd(D,C) be the relative o-endomorphism operad (see 2.19). Then f indues
a morphism
CoEnd(D,C)→ CoEnd(C/D)
of operads.
Remark 2.36. It is interesting that the orresponding statement for End(C) (or a
relative analogue thereof) is not true: it is easier to take quotients of oalgebras
than of algebras. The operad End(C) denes algebras that have a multipliation
rather than a omultipliation. And taking quotients of rings by subrings requires
the subring to be an ideal.
Proof. Suppose h ∈ CoEnd(D,C) is some element. Then we have a ommutative
diagram
C
h // Cn
D
h|D
//
OO
Dn
OO
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whih we an expand to a diagram
(C/D)
n
C/D
h∗ // Cn/Dn
OO
C
h //
OOOO
Cn
OOOO
D
h|D
//
OO
Dn
OO
whih gives us an element of CoEnd(C/D). To onlude that this denes a morph-
ism of operads, we must show that it respets ompositions (as in 2.11), or that the
kernel of the map CoEnd(D,C) → CoEnd(C/D) (of graded Z-modules is an ideal
with respet to all ompositions.
Suppose h ∈ CoEnd(D,C) maps to 0 in CoEnd(C/D). Then the image of h
(in Cn) must have at least one fator that is in D  say the ith. If we form a
omposition with h on another fator  i.e., take ◦j with j 6= i  then this fator
of D is unhanged and appears in the omposition. Consequently, the omposition
has a fator of D and maps to 0 in CoEnd(C/D). On the other hand, if we
formed the omposition ◦i the result will have many fators of D beause the
o-endomorphisms in CoEnd(D,C) preserve D.
We an dene tensor produts of operads:
Denition 2.37. Let U1 and U2 be operads. Then U1 ⊗ U2 is dened to have:
1. omponent of rank i = (U1)i ⊗ (U2)i, where (U1)i and (U2)i are, respetively,
the omponents of rank i of U1 and U2;
2. omposition operations dened via (a ⊗ b) ◦i (c ⊗ d) = (−1)
dim(b) dim(c)(a ◦i
c)⊗ (b ◦i d), for a, c ∈ U1 and b, d ∈ U2.
We onlude this setion with
Denition 2.38. An operad, R, will be alled an operad-oalgebra if there exists
a o-assoiative morphism of operads
∆:R→ R⊗R
Remark 2.39. Operad-oalgebras are important in ertain homotopy-theoreti on-
texts  for instane in the study of the bar and obar onstrutions. The  2.3
denes a partiularly important operad of this type.
2.2. Free algebras and oalgebras over an operad. The anonial examples
of operads are End(C) and CoEnd(C) for some module C. In this setion, we
will show that these examples are fundamental in the sense that a large number of
operads an be represented as suboperads of these examples.
We begin by onsidering an alternate way to dene algebras and oalgebras over
an operad.
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Denition 2.40. Let G be a ategory. A monad in G is a funtor C:G → G
together with natural transformations µ:CC → C and η: Id → C suh that the
following diagrams ommute:
C
ηC
//
CC
CC
CC
CC CC
µ

C
Cη
oo
{{
{{
{{
{{
C
and CCC
Cµ
//
µC

CC
µ

CC µ
// C
A C-algebra is an objet A ∈ G together with a map ξ:CA → A suh that the
following diagrams ommute
A
η
//
CC
CC
CC
CC CA
ξ

A
and CCA
Cξ
//
µ

CA
ξ

CA
ξ
// A
Remark 2.41. Monads are the ategory-theoreti exegesis of the notion of system
with omposition-operation.
Note that, for any objet A ∈ G , CA is an algebra over C. This prompts the
denition:
Denition 2.42. Let A ∈ G be any objet and let C:G → G be a monad. Then
the free C-algebra generated by A is dened to be CA.
The use of the term free is justied by the following result, whih implies that
any morphism from A to a C-algebra B has a unique extension to CA:
Proposition 2.43. Let CA be the free algebra over the monad C and let C[G ] be
the ategory of C-algebras. Then there exists an isomorphism
hom(η, 1):C[G ](CA,B)→ G (A,B)
Proof. Its inverse sends a morphism f :A→ B to ξ ◦ Cf :CA→ B.
In like fashion, we dene omonads and oalgebras over them:
Denition 2.44. Let G be a ategory. A omonad in G is a funtor D:G → G
together with natural transformations δ:D → DD and ǫ:D → Id suh that the
following diagrams ommute:
D DD
ǫDoo Dǫ // D
D
CCCCCCCC
δ
OO {{{{{{{{
and DDD DD
Dδoo
DD
δD
OO
D
δ
oo
δ
OO
A D-oalgebra is an objet A ∈ G together with a map θ:A → DA suh that
the following diagrams ommute
A DA
ǫoo
A
θ
OOCCCCCCCC
and DDA DA
Dθoo
DA
δ
OO
A
θ
oo
θ
OO
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Given any objet X ∈ G , and a omonad over G , all DX the free D-oalgebra
generated by X .
As before, we have
Proposition 2.45. Let DX be the free oalgebra over the monad D and let D[G ]
be the ategory of D-oalgebras. Then there exists an isomorphism
hom(ǫ, 1):G (A,B)→ D[G ](DA,B)
Proof. Its inverse sends a morphism f :DA→ B to f ◦ θ:A→ B.
The relation between operads and monads (and omonads) is expressed by:
Denition 2.46. Let U be an operad. If G is the ategory of DGA-modules over
Z, then the monad dened by U is given by
CX =
⊕
n≥0
Un ⊗ZSn X
n
and the omonad dened by U is given by
DX =
⊕
n≥0
HomZSn(Un, X
n)
where Sn ats on the n-fold tensor produt X
n
by permutation of fators.
Remark 2.47. It is well-known that the operad identities in 2.9 translate into a
proof that C and D are monads and omonads, respetively. See [13℄. It is also
well-known that algebras over C are the same as algebras over U and oalgebras
over D are the same as oalgebras over U. For instane, a oalgebra, X , over D
omes equipped with a map
X → DX
or
X →
⊕
n≥0
HomZSn(Un, X
n)
whih is equivalent to a sequene of Sn-equivariant maps
Un ⊗X → X
n
dening the adjoint of the struture map of a oalgebra over U. A orresponding
statement holds for algebras over a C.
By abuse of notation, we will identify free algebras over C with free algebras
over U and free oalgebras over D with free oalgebras over U.
Note that free oalgebras over omonads (or operads) have an innite number of
hain-modules in negative dimensions  and there is nontrivial homology involved.
This implies that they are never m-oalgebras.
We will show that many operads possess faithful representations in the sense
that they map injetively into End(C) and CoEnd(C′) for suitable C and C′. To
that end, we prove:
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Lemma 2.48. Let R = {Ri} be an operad suh that Ri is ZSi-free for all i and
let Ri = Ri ⊗ZSi Z for all i. Then there exists a surjetion
Ri
fi // // Ri
and a map γ′:Rj1⊗· · ·⊗Rjk⊗Rk → Rj that makes the following diagram ommute:
Rj1 ⊗ · · · ⊗Rjk ⊗Rk
γ
//
(fj1⊗···fjk )⊗1

Rj
fj

Rj1 ⊗ · · · ⊗ Rjk ⊗Rk
γ′
// Rj
where j =
∑k
i=1 ji. In addition, the following diagram ommutes:
Rj1 ⊗ · · · ⊗Rjk ⊗Rk
γ′
//
σ−1⊗σ

Rj
1

Rjσ(1) ⊗ · · · ⊗Rjσ(k) ⊗Rk
γ′
// Rj
Proof. The map fi ts into an exat sequene
ISji ⊗Rji → Rji → Rji → 0
where ISji = ker(ZSji → Z). The rst equivariane ondition in the denition of
an operad (see 2.9) implies that ISji ·Rji maps into ιji(IDji)·Rj , where ιji :ZSji →
ZSj is indued by the omposite
Sji → Sj1 ⊕ · · · ⊕ Sjk → Sj
It follows that ιji(IDji) ⊆ ISj so that the image of the kernel of fji lies in the
kernel of fj and the γ
′
is well-dened. The remaining statement follows from the
rst equivariane ondition in 2.9.
Proposition 2.49. Let R = {Ri} be an operad suh that Ri is ZSi-free for all i
and let C be the free algebra over R on one generator in dimension 0. Then the
struture map
f :R→ End(C)
is injetive.
Proof. By denition 2.42 our free algebra is given by
C =
∞⊕
i=1
Ri ⊗ZSi Z
Lemma 2.48 implies the existene of hain maps
Rd1 ⊗ · · · ⊗Rdn ⊗Rn → Rn ⊗Rd1 ⊗ · · · ⊗Rdn → Rd1+···+dn
for all n > 0 and n-tuples {d1, . . . , dn} of positive integers. The map on the left is
just transposition of the fators. This indues a morphism of DGA-modules
fn:Rn → HomZ(Rd1 ⊗ · · · ⊗Rdn , Rd1+···+dn)
The assoiativity onditions imply that ompositions are preserved by f , and the
seond statement of Lemma 2.48 implies that f is ZSn-linear, where Sn ats on the
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right by permuting fators of Rd1 ⊗ · · ·⊗Rdn . The injetivity of f follows from the
fat that one of the targets of any Rn is HomZ(Rn ⊗ R1 ⊗ · · · ⊗ R1, Rn), with a
ZSn-basis of elements of Rn mapping to their image in Rn.
Proposition 2.50. Let R = {Rn} be an operad suh that Rn is ZSn-free for all
n, and let C be the free oalgebra over R on one generator in dimension 0. Then
the struture map
c:R→ CoEnd(C,Cn)
is injetive
Remark 2.51. This result and 2.49 show that endomorphism and oendomorphism
operads are, in some sense, anonial examples: every operad is a sub-operad of one
of them. We will use this result several times in the sequel to show that universal
equations in oalgebras over operads imply equations in the operads themselves.
See, for instane, 5.27.
Sine this oalgebra is onentrated in non-positive dimensions, it is not an m-
oalgebra. It will sue for our appliations, however.
Proof. In this ase, we set
Z =
∞⊕
n=1
HomZ(Rn ⊗ZSn Z,Z) =
∞⊕
n=1
HomZSn(Rn,Z)
As before, we make ruial use of lemma 2.48. We must proeed more deliately
than in 2.49, though. We will use the approah to operads in 2.11 and dene
omposition operations. A omposition
Rk ◦i Rk → Ri+k−1
(where Ri = Ri ⊗ZSi Z) implies the existene of a hain-map
◦′i:Rk → HomZ(Ri, Ri+k−1)
 this is just the transposition and adjoint. Dualizing gives rise to a map
◦′′i :Rk → HomZ(HomZ(Ri+k−1,Z),HomZ(Rj ,Z))
and it is important to realize that this represents k distint maps (orresponding
to the dierent omposition operations we may perform). Hene the real target of
HomZ(Ri+k−1,Z) is
(Z⊕HomZ(Rj ,Z))
k ⊆ (HomZ(R1,Z)⊕HomZ(Rj ,Z))
k ⊂ Ck
 in fat it is
k⊕
α=1
HomZ(Rj ,Z) =
k⊕
α=1
Z⊗ · · · ⊗HomZ(Rj ,Z)⊗ · · · ⊗ Z︸ ︷︷ ︸
Rj in positionα
Injetivity of the struture-map follows from its sending Rk to (among other things
HomZ(HomZ(Rk,Z),
HomZ(Rk,Z)⊗HomZ(R1,Z)⊗ · · · ⊗HomZ(R1,Z)))
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2.3. The operad S. We will study the symmetri onstrut, mentioned in 2.16.
It is the result of applying the unredued bar onstrution to the (somewhat trivial)
operad S0 dened in 2.14. Sine its omponents are unredued bar onstrutions
(or bar resolutions of Z over ZSn, we an exploit the Cartan Theory of onstrutions
in [3℄. The basi idea of the Cartan Theory of Construtions is the following:
Lemma 2.52. Let Mi, i = 1, 2 be DGA-modules, where:
1. M1 = A1 ⊗N1, where N1 is Z-free and A1 is a DGA-algebra (so M1, merely
regarded as a DGA-algebra, is free on a basis equal to a Z-basis of N1)
2. M2 is a left DGA-module over a DGA-algebra A2, possessing
(a) a sub-DG-module, N2 ⊂M2, suh that ∂M2 |N2 is injetive,
(b) a ontrating hain-homotopy ϕ:M2 →M2 whose image lies in N2 ⊂M2.
Suppose we are given a hain-map f0:M1 →M2 in dimension 0 with f0(N1) ⊆ N2
and want to extend it to a hain-map from M1 to M2, subjet to the onditions:
• f(N1) ⊆ N2
• f(a ⊗ n) = g(a) · f(n), where g:A1 → A2 is some morphism of DG-modules
suh that a⊗ n 7→ g(a) · f(n) is a hain-map.
Then the extension f :M1 →M2 exists and is unique.
Remark 2.53. In appliations of this result, the morphism g will often be a morph-
ism of DGA-algebras, but this is not neessary.
The existene of f immediately follows from basi homologial algebra; the inter-
esting aspet of it is its uniqueness (not merely uniqueness up to a hain-homotopy).
We will use it repeatedly to prove assoiativity onditions by showing that two ap-
parently dierent maps satisfying the hypotheses must be idential.
This elementary but powerful result was due to Henri Cartan and formed the
ornerstone of his theory of Eilenberg-MaLane spaes.
Proof. This result is due to Cartan. The uniqueness of f follows by indution and:
1. f is determined by its values on N1
2. the image of the ontrating hain-homotopy, ϕ, lies in N2 ⊂M2.
3. the boundary map of M2 is injetive on N2 (whih implies that there is a
unique lift of f into the next higher dimension).
This will turn out to be an E∞-operad suh that any simpliial set's hain-omplex
is a natural m-oalgebra over it (see 3.1). This will form the basis of our topologial
results.
We dene the operad struture of S in terms of ompositions, as in 2.11 using
2.52. Reall that the {RSn} are simpliial sets for all n > 0 with fae and degeneray
operations given by:
Fi[a1| . . . |am] =


a1[a2| . . . |am] if i = 0
[a1| . . . |ai · ai+1| . . . |am] if 0 < i < m
[a1| . . . |am−1] if i = m
(2.2)
and, as usual, the dierential is dened as an alternating sum of these
fae-operations.
It also has a well-known o-assoiative oalgebra struture
given by ∆R(a) =
∑n
i=0 F˜
i(a) ⊗ Fn−i0 (a), where F˜ is the last fae
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operator. With the fae operations given above, this amounts to
∆R: [a1| . . . |an] =
∑n
i=0[a1| . . . |ai]⊗ a1 · · · ai[ai+1| . . . |an]. In addition,
1. RSn = ZSn ⊗ A(Sn, 1), as ZSn-modules, where A(Sn, 1), in dimension k, is
the submodule generated by elements of the form 1[a1| . . . |ak].
2. There exists a ontrating ohain, ϕ: RSn → RSn, is given in dimension k
by
ϕ(a[a1| . . . |ak]) = 1[a|a1| . . . |ak] ∈ A(S1, 1)k+1(2.3)
ϕ(1[a1| . . . |ak]) = 0(2.4)
Clearly, the twisted dierential (the alternating sum of fae-operators in 2.2) is
injetive on 1 ⊗ A(Sn, 1) ⊂ RSn  in fat, it denes an isomorphism A(Sn, 1)k ∼=
(RSn)k−1.
Now we dene the ompositions RSn ◦i RSm → RSn+m−1, requiring them to
satisfy the ondition that
(1⊗A(Sn, 1)) ◦i (1⊗A(Sm, 1)) ⊆ 1⊗A(Sn+m−1, 1)(2.5)
We set M1 = RSn ⊗ RSm, M2 = RSn+m−1, N2 = A(Sn+m−1, 1). At this point,
a slight problem arises. We would like to regard M1 as a free ZSn ⊗ ZSm-module,
but it is equal to ZSn⊗A(Sn, 1)⊗ZSm⊗A(Sm, 1). We an simply rearrange fators
and redene the dierential.
Corollary 2.54. There exists a unique omposition operation
RSn ◦i RSm → RSn+m−1 satisfying the equivariane onditions in 2.11 and the
ondition in equation 2.5. In addition, these {◦i} satisfy the assoiativity and
ommutativity onditions.
Remark 2.55. This is a unitary operad. Its identity element is the generator
[ ] ∈ {Rn(1)}0. Note that an element [g1| . . . |gk] is not determined in S by the
symmetri-group elements g1, . . . , gk  one must also speify whih summand,
RSn, the element resides in. We therefore distinguish between the Sn and their
isomorphi images in SN , where N > n.
Proof. Existene and uniqueness follow from 2.52, setting A1 = ZSn ⊗ ZSm and
N1 = A(Sn, 1)⊗A(Sm, 1) and the fat that, in dimension 0 N1 = N2 = [ ]⊗ [ ] ∼= Z,
so any hain maps between them that ommute with augmentation must be equal.
In dimension 0
[ ] ◦i [ ] = [ ]
for all i. In higher dimensions, set
a ◦i b = ϕ(∂a ◦i b+ (−1)
ka ◦i ∂b)
for a ∈ 1⊗A(Sn, 1)k, b ∈ 1⊗A(Sm,1) and for all i. The boundaries of a and b an
be arbitrary elements of RSn and RSm, respetively (one dimension lower), so we
must ompute the omposition of the boundaries via the formulas:
a ◦σ(i) σb = T1,...,n,...,1︸ ︷︷ ︸
ith position
(σ) · (a ◦i b)
and
τa ◦i b = 1⊕ · · · ⊕ τ ⊕ · · · ⊕ 1︸ ︷︷ ︸
ith position
(a ◦i b)
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given by the equivariane onditions in 2.11.
Assoiativity and ommutativity follow from the same onstrution arried out
withM1 = RSn ⊗RSm ⊗RSt and M2 = RSn+m+t−2. In this ase, we ompare the
maps
f1 = (∗ ◦i ∗) ◦j ∗: RSn ⊗ RSm ⊗ RSt → RSn+m+t−2
and
f2 = ∗ ◦i+j−1 (∗ ◦j ∗): RSn ⊗ RSm ⊗ RSt → RSn+m+t−2
Both ompositions agree in dimension 0 and
fi(1 ⊗A(Sn1)⊗ 1⊗A(Sm, 1)⊗ 1⊗A(St, 1)) ⊆ 1⊗A(Sn+m−2, 1)
Furthermore, the equations for extending the fi from 1⊗A(Sn1)⊗1⊗A(Sm, 1)⊗1⊗
A(St, 1) to all ofM1 must agree, sine they are given by the omposition operations
on the operad S0  see 2.14. Consequently, f1 = f2 in all dimensions.
A similar argument (with only one fator, obviously) implies that ⊛ preserves
oproduts. See [20℄ for an expliit formula for the omposition operations of S.
The ompositions given in that paper must agree with the ones proved to exist in
2.54, beause they satisfy the dening onditions and beause suh ompositions
are unique.
I originally omputed these ompositions these  as hain-maps RSn ⊗ RSm →
RSn+m−1 satisfying the equivariane onditions. In fat, I rst dened A(Sn, 1)◦i [ ]
and [ ]◦iA(Sm, 1) and had to nd a way to ombine them together, so I derived the
twisted shue operation (using the Cartan Theory of Construtions) and multiplied
them. I was reassured of the orretness of doing so by the fat that the twisted
shue produt is the unique one (satisfying natural onditions). Then I proved
assoiativity and ommutativity by strenuous brute-fore omputations (unaware
that I ould have used the Cartan Theory throughout).
Theorem 2.56. Equipped with the omposition operations dened above, S is an
E∞-operad-oalgebra with oprodut
∆:S→ S⊗S
Proof. We have already proved that S is an operad  see 2.54. To see that the
oprodut is an operad morphism, observe that the omposition operations of S
are oalgebra morphisms. This follows from the Cartan Theory of Construtions
one again, observing that the ∆ an be dened by this theory  as the unique
map
∆:RSn → RSn ⊗ RSn
with the properties:
1. ∆(1 ⊗ [ ]) = 1⊗ [ ]⊗ 1⊗ [ ]
2. ∆(1 ⊗A(Sn, 1)) ⊂ 1⊗A(Sn, 1)⊗ RSn = N2
3. ∆ is a morphism of ZSn-modules (where RSn ⊗ RSn is equipped with the
diagonal Sn-ation).
4. ∆(1 ⊗ A) = (ϕ ⊗ 1 + ǫ ⊗ ϕ)(∆∂A), where A ∈ A(Sn, 1), ϕ is the ontrating
ohain in 2.4, and ǫ: RSn → Z is the augmentation (so ϕ ⊗ 1 + ǫ ⊗ ϕ is a
ontrating ohain of RSn ⊗ RSn).
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Having done this, we would only need observe that omposing ∆ with the {◦i}
preserves these dening onditions.
We onlude this setion with an appliation of the operad S:
Theorem 2.57. There exists a funtor
C: SS→ m− Coalgebras over S
suh that the underlying hain-omplex of C(X) is the simpliial hain-omplex,
where SS is the ategory of pointed, simply-onneted, 2-redued simpliial sets .
Proof. For all k, let sk denote the standard k-simplex, whose verties are
{[0], . . . , [k]} and whose j-faes are {[i0, . . . , ij]}, with i1 < · · · < ij, j ≤ k. We
dene C to be a free funtor on models that are simplies and use the Cartan
Theory of Construtions to dene maps:
fn: RSn ⊗ C(s
k)→ C(sk)
n
where sk is a k-simplex with hain omplex C(sk), and Sn ats on C(s
k)
n
by
permuting fators. These maps must make the following diagram ommute:
RSn ⊗ RSm ⊗ C
◦i

RSn+m−1 ⊗ C
fn+m−1

Cn+m−1
RSn ⊗ RSm ⊗ C
1⊗fm

RSn ⊗ C
m
Vi−1

Ci−1 ⊗ RSn ⊗ C ⊗ C
m−i
1⊗···⊗fn⊗···⊗1
//
and for all n,m ≥ 1 and 1 ≤ i ≤ m, where C = C(sk) and V : RSn ⊗ C
m →
Ci−1⊗RSn⊗C⊗C
m−i
is the map that shues the fator RSn to the right of i−1
fators of C. We dene a ontrating ohain on C via
s([i1, . . . , it] =
{
(−1)t[i1, . . . , it, k] if it 6= k
0 if it = k
where [i1, . . . , it], i1 < i2 < · · · < k, denotes a t − 1-dimensional fae of s
k =
[0, . . . , k]. We an dene a orresponding ontrating homotopy on Cn via Φ =
s⊗ 1⊗ · · · ⊗ 1 + ǫ⊗ s⊗ · · · ⊗ 1 + · · ·+ ǫ⊗ · · · ⊗ ǫ⊗ s, where
ǫ([i1, . . . , it]) =
{
[k] if [i1, . . . , it] = [k]
0 otherwise
Above dimension 0, Φ is eetively equal to s⊗ 1⊗ · · · ⊗ 1. Now set M2 = C
n
and
N2 = im(Φ). In dimension 0, we dene fn for all n via:
fn(A⊗ [0]) =
{
[0]⊗ · · · ⊗ [0] if A = [ ]
0 if dimA > 0
This learly makes C(s0) a oalgebra over S.
Suppose that the fn are dened below dimension k. Then, by ayli models,
C(∂sk) is well-dened and satises the onlusions of this theorem. We dene
fn(a[a1| . . . |aj ]⊗ [0, . . . , k]) by indution on j, requiring that the following invariant
ondition be satised:
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fn(A(Sn, 1)⊗ s
k) ⊆ [i1, . . . , k]⊗ other terms
 in other words, the leftmost fator must be in im s. Now we simply set
fn(A⊗ s
k) = Φ ◦ fn(∂A⊗ s
k)
+ (−1)dimAΦ ◦ fn(A⊗ ∂s
k)
where A ∈ A(Sn, 1).
The upper line follows from indution on the dimension of A and the lower line
follows from ayli models and the indution on k. The Cartan Theory of Con-
strutions implies that this map is uniquely determined by the invariant ondition
and the ontrating homotopy Φ. It follows that diagram 2.3 must ommute sine:
1. any omposite of fn-maps will ontinue to satisfy the invariant ondition.
2. ◦i(1 ⊗ A(Sn, 1)⊗ · · · ⊗ A(Sm, 1)) ⊆ 1 ⊗ A(Sn+m−1, 1) so that omposing an
fn-map with ◦i results in a map that still satises the invariant ondition.
3. the diagram ommutes in lower dimensions (by indution on k and ayli
models)
We onlude this setion with a denition that will be important in the sequel:
Denition 2.58. Let C be a DGA omplex that is an ayli m-oalgebra over S
satisfying the onditions:
1. there exists a self-annihilating ontrating homotopy ϕ:C → C
2. the adjoint of the m-struture of C, fn:S⊗ C → C
n
, has the property that
fn(A(Sn, 1)⊗ ϕ(C)) ⊆ Φ(C)(2.6)
where:
(a) A(Sn, 1) ⊂ RSn is as dened on page 21;
(b) Φ = ϕ⊗1⊗· · ·⊗1+ ǫ⊗ϕ⊗· · ·⊗1+ · · ·+ ǫ⊗· · ·⊗ ǫ⊗ϕ is the ontrating
homotopy of Cn indued by ϕ, where ǫ:C → Z is the augmentation.
Then C will be said to be Cartan, with ontrating homotopy ϕ.
Remark 2.59. For instane, the m-oalgebra of any simplex is learly Cartan, by
2.57.
3. m-oalgebras and homotopy
3.1. A ategory of frations. In this setion, we will dene four ategories that
will be important in the sequel:
• M0
• M = M0[S
−1]
• L0 and
• L = L0[T
−1]
The objets of these ategories will be alledm-oalgebras  they are DG-oalgebras
over E∞-operads, and the morphisms will be those of DG-oalgebras, extended
slightly to allow a hange of underlying operad.
The ategories M and L are ategories of frations of M0 and L0, respetively,
in the sense of Gabriel and Zisman in [7℄. The lasses of inverted morphisms,
{S} and {T }, are known as elementary equivalenes, dened in 3.8, and M and
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L are interesting beause they ontain sub-ategories equivalent to the homotopy
ategory of pointed, simply-onneted CW omplexes.
Gabriel and Zisman presented a theory of ategories of frations and used it to
study various homotopy ategories. Although ategories of frations exist and are
well-dened in great generality, their struture is also usually very omplex.
Gabriel and Zisman showed that, under ertain (rigid) onditions, a ategory
and subategory admits a alulus of left or right frations. When this happens,
the ategory of frations has a partiularly simple struture.
Unfortunately, as Quillen observed in [16℄, interesting topologial ategories
rarely admit a alulus of left or right frations. Quillen replaed these algebrai
onditions by topologially inspired ones (related to brations and obrations) and
dened model ategories. Model ategories have properties that failitate the study
of homotopy types without expliitly using a alulus of frations.
It turns out that our ategoryM0 and L0 are not model ategories (exept up to
equivalene) so that we annot use Quillen's theory. They almost admit a alulus
of left frations, but fail to meet one of Gabriel and Zisman's onditions. On the
other hand, they have other algebrai properties that are almost as good as having
a alulus of frations, so that we get a tratable homotopy theory .
Denition 3.1. The ategory, M0 is dened as follows:
1. Its objets are m-oalgebras, where an m-oalgebra, C, is an equivalene lass
of DG-oalgebras over E∞-operads with
1 C0 = Z and C1 = 0. Two suh
DG-oalgebras, C1 and C2, with struture morphisms
R1
m1 // CoEnd(C1)
R2 m2
// CoEnd(C2)
(3.1)
dene the same m-oalgebra if C1 = C2 (as DG-modules), and there exists
an operad morphism f :R1 → R2 that makes
R1
m1 //
f

CoEnd(C1)
R2 m2
// CoEnd(C2)
ommute.
2. Morphisms indued by those of DG-oalgebras over E∞-operads that preserve
homology in dimensions 0 and 1. In other words, a morphism between two
m-oalgebras, C1 and C2 over the operad R, with representative struture
maps as in 3.1 onsists of a morphism of DG-oalgebras over R: C1 → C2.
We onsider two morphisms to be the same if their underlying hain-maps
are the same.
Remark 3.2. m-oalgebras were rst dened in [20℄. The present denition orre-
sponds to the term weakly oherent m-oalgebras in that paper.
1
By abuse of notation, we use the same term for the underlying hain-omplex as for the
m-oalgebra.
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The ategory M0 fails to be Abelian  okernels do not always exist (their
underlying hain-omplexes may have Z-torsion).
Note that C = Z, onentrated in dimension 0 is an m-oalgebra over any E∞-
operad. This is the initial and nal objet in M0 sine it maps to any m-oalgebra
and any m-oalgebra maps to it.
Denition 3.3. Let L0 be the full subategory of M0 of m-oalgebras over the
operad S. Dene F0 ⊂ L0 to be the subategory of nitely generated m-oalgebras
over S.
Proposition 3.4. Let C1 and C2 be hain-omplexes. Then there exist natural
transformations of funtors
En: HomZ(C1, C
n
1 )⊗HomZ(C2, C
n
2 )→ HomZ(C1 ⊗ C2, (C1 ⊗ C2)
n)
for all n. They indue operad morphisms
E: CoEnd(C1)⊗ CoEnd(C2)→ CoEnd(C1 ⊗ C2)
Remark 3.5. If u ∈ HomZ(C1, C
n
1 ), v ∈ HomZ(C2, C
n
2 ), then En(u ⊗ v) sends c1 ⊗
c2 ∈ C1 ⊗ C2 to Vn((u ⊗ v)(c1 ⊗ c2), where Vn:C
n
1 ⊗ C
n
2 → (C1 ⊗ C2)
n
is the map
that shues the fators together.
We an now dene tensor produts of m-oalgebras:
Denition 3.6. Let C = M0,L0 orF0 and let C1 and C2 be objets of C with
struture maps
fi:Ri → CoEnd(Ci)
i = 1, 2. Their tensor produt is a DG-oalgebra over R1 ⊗ R2 with underlying
hain omplex C1 ⊗ C2 and struture map
E ◦ f1 ⊗ f2:R1 ⊗R2 → CoEnd(C1 ⊗ C2)
It is straightforward to verify that equivalent DG-oalgebras give rise to equivalent
tensor produts so that this operation is well-dened for objets of M0.
Given two objets C1 and C2 of L0 or F0, form the tensor produt as above. The
result is an m-oalgebra over the E∞-operad S ⊗ S. Now pull this m-struture
bak over the diagonal map (see 2.56)
S→ S⊗S
to get an m-oalgebra over S, hene an objet of L0 or F0, respetively.
Proposition 3.7. Let C0 = M0, L0, or F0 and let
A
f
//
g

B
C
be a diagram in C0 of m-oalgebras over an operad R, suh that the quotient (of
Abelian groups) (B ⊕ C)/(f,−g)A is Z-torsion free (for instane, if either f or g
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are split injetions). Then we may form the push out
A
f
//
g

B
u

C v
// D
in C0.
This push out is natural with respet to morphisms of diagrams:
. //


00
00
00
00
00
00
0 .

00
00
00
00
00
00
0
.

00
00
00
00
00
00
0
. //

.
.
Proof. We form the push out of oalgebras over RD:
D = coker(f,−g):A→ B ⊕ C
whih is possible beause of proposition 2.35. This gives us the diagram
A
f
//
g

B
u

C v
// D
(3.2)
where u and v are indued by the inlusions. They are learly m-oalgebra mor-
phisms.
Denition 3.8. Let C andD be oalgebras overE∞-operads. An injetive morph-
ism ι:C → D will be alled an elementary equivalene if its okernel is a projetive,
ayli hain omplex.
Remark 3.9. Note that, by 3.7, the okernel will possess an m-struture, and the
quotient map D → D/ι(C) will be a morphism of m-oalgebras.
Denition 3.10. The homotopy ategory of m-oalgebras, denotedM = M0[S
−1],
is dened to be the ategory of frations of M0 by the subategory, S, of elemen-
tary equivalenes  see [7℄. Two morphisms f1, f2:A → B in M0 will be alled
homotopi if they dene the same morphism in M = M0[S
−1], under the anon-
ial funtor M0 → M0[S
−1]. The saturation of S, denoted Sˆ is dened to be all
morphisms in M0 that beome invertible in M.
In like fashion, we dene the ategory L = L0[T
−1] and F = F0[R
−1], where T
and R are the sub-ategories of elementary equivalenes in L0 and F0, respetively.
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Remark 3.11. The anonial funtors
M0 → M0[S
−1]
L0 → L0[T
−1]
F0 → F0[R
−1]
are, in general, not faithful. There exist an obvious funtors
f:L → M
g:F → L
It is easy to see that morphisms preserve oalgebra strutures up to a hain-
homotopy.
Denition 3.12. Let A and B be m-oalgebras. A morphism in M = M0[S
−1]
(respetively L, or F) is a diagram of the form
... m1 // . .s1oo m2 // . .s2oo // ...
where the {mi} are morphisms of m-oalgebras (respetively, m-oalgebras over S
or nitely generated m-oalgebras overS) and the {sk} are elementary equivalenes
dened in 3.8. A ommutative hammok is a diagram:
X1
v1

X2
v2

. . . Xk
&&LL
LLL
L
vk

A
88rrrrrr
&&LL
LLL
L B
Y1 Y2 . . . Yk
88rrrrrr
(3.3)
where:
1. Horizontal maps in the same olumn (i.e., one above the other) go in the same
diretion.
2. Vertial maps and horizontal maps to the right are morphisms of
m-oalgebras.
3. Horizontal maps to the left are elementary equivalenes.
Remark 3.13. In any diagram like the above, we an learly onsolidate adjaent
horizontal maps that go in the same diretion. Consequently, we may assume that
adjaent maps go in opposite diretions.
Proposition 3.14. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. The existene of a ommutative hammok in C0 implies that its upper and
lower rows are equal in C .
Proof. We will prove this for M0  the arguments for L0 and F0 are idential. The
laim follows by indution on the number of olumns. We show that the following
equation (in M = M0[S
−1]) is satised at olumn i of diagram 3.3 for all i:
vi ◦ (upper row) = (lower row)(3.4)
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Every ommutative subdiagram of the form:
Xi
fi
//
vi

Xi+1
vi+1

Yi gi
// Yi+1
results in an equation
vi+1fi = gi+1vi
and any ommutative subdiagram of the form
Xi
vi

Xi+1
si+1
oo
vi+1

Yi Yi+1
ti+1
oo
where si+1 and ti+1 are elementary equivalenes, results in an equation of the form
t−1i+1vi = vi+1s
−1
i+1
so that the validity of equation 3.4 in olumn i implies its validity in olumn i+ 1.
The onlusion follows.
The following onverse was stated but not proved by Dwyer, Hirshhorn and Kan
in [4℄:
Proposition 3.15. Given two objets C and D in the ategory M0 (respetively,
L0 or F0), the morphisms HomM0[S−1](C,D) (respetively, HomL0[T−1](C,D) or
HomF0[R−1](C,D)) orrespond to the omponents of a 1-dimensional simpliial set
whose 0-simplies are morphisms in M = M0[S
−1] (respetively, L = L0[T
−1] or
F = F0[R
−1]) and whose 1-simplies are ommutative hammoks.
Remark 3.16. In other words two morphisms are equivalent if and only if they an
be onneted by a sequene of ommutative hammoks.
Proof. Again, we will prove the result for M0  the arguments for L0 and F0 are
idential.
We use the desription of loalized ategories in [7℄: they dene it via generators
and relations. The only relations that exist in M = M0[S
−1] are:
1. The relations of M0  this is expressed by all formulas a = bc that are true
in M0, where a, b, and c are morphisms suh that b and c an be omposed;
2. The relations that reate a new set of formal morphisms, {ti} and dene
siti = 1 and tisi = 1, where the si are the elementary equivalenes (we will
use the notation s−1i for ti throughout the remainder of this argument).
If
C
f1 // C1 C2
s1oo
f2 // . . . fk // D(3.5)
is a morphism inM = M0[S
−1], then all morphisms equivalent to it an be obtained
by
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1. Fatoring a morphism, a, in 3.5 into a omposite bc whenever this is valid in
M0, or the reverse  omposing two adjaent morphisms that go in the same
diretion, or
2. Inserting pairs of morphisms
. si // . .sioo
into the diagram wherever it is possible to do so, or removing suh pairs, or
3. Inserting pairs of morphisms
. .sioo si // .
into the diagram wherever it is possible to do so, or removing suh pairs.
It is straightforward to verify that all of these operations an be desribed in terms
of ommutative hammoks. For instane, transformation 1 above orresponds to
a hammok that maps every term in 3.5 via the identity map exept for a entral
portion that looks like
. c //
1

.
b

b // .
.
a
// .
1
// .
Transformation 2 orresponds to a hammok that maps every term of 3.5 via
the identity, exept for a sub-diagram that looks like:
.soo s //
s
.
1
oo
1
//
It is equally easy to see that transformation 3 an be realized by a ommutative
hammok. The onlusion follows.
Now we restrit our attention to the ategory M0 and its ategory of frations M.
The following result shows that M satises one of Gabriel and Zisman's onditions
(in [7℄) for having a alulus of left frations:
Proposition 3.17. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. If
A
f
//
s

B
C
is a diagram in C , with s an elementary equivalene, then there exists a diagram
A
f
//
s

B
t

C g
// D
(3.6)
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in C0 with t an elementary equivalene. In partiular, for any m-oalgebra morph-
ism f and elementary equivalene s, there exist an m-oalgebra morphism g and
elementary equivalene t suh that the relation fs−1 = t−1g holds in C .
Proof. Again, we only prove the statement for M0. This is an immediate on-
sequene of 3.7. The statement that t is an elementary equivalene follows from
the fat that, as a hain-omplex, D = B ⊕ C/s(A), where C/s(A) is ayli and
Z-torsion free.
The equation in M0[S
−1] follows from the ommutativity of 3.6, whih implies
that tf = gs. The invertibility of s and t (in M0[S
−1]) implies that we an rewrite
this equation as t−1g = fs−1.
Corollary 3.18. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. If m:A → B is a morphism in C , then m has a anonial representative
diagram of the form A
f
// C b
soo
, where f is a morphism of m-oalgebras
in C0 and s is an elementary equivalene in C0. In addition, any ommutative
hammok
X1
v1

X2
v2

. . . Xk
&&LL
LLL
L
vk

A
88rrrrrr
&&LL
LLL
L B
Y1 Y2 . . . Yk
88rrrrrr
(3.7)
an be simplied to a hammok of the form
X
v

A
f1 99rrrrrr
f2 %%
LLL
LLL
B
s1
ffLLLLLL
s2xxrrr
rrr
Y
(3.8)
Remark 3.19. We will all this anonial representative diagram, the anonial form
of the morphism m.
Proof. The rst statement follows immediately from 3.7, whih implies that we an
permute leftward elementary equivalenes with the rightward maps and ompose 
thus simplifying the morphism. The seond statement follows from the naturality
of the push-outs used in the simpliation: we an simplify the upper and lower
rows of a hammok in suh a way that there is a map of the simpliations.
Denition 3.20. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. If A
fi
// Xi B
sioo i = 1, 2 are two morphisms in C , a ommutative
diagram in C0
X
v

A
f1 99rrrrrr
f2 %%
LLL
LLL
B
s1
ffLLLLLL
s2xxrrr
rrr
Y
will be alled an elementary homotopy.
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Corollary 3.21. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. Two morphisms of C in anonial form A
fi // Xi B
sioo
, i = 1, 2 are
equivalent in C if and only if there exists a sequene of elementary homotopies
X1
Y1
A
f1
CC
g1uuu
::uuu
gk //
gn
III
$$II
I
f2
88
88
8

88
88
8
.
.
.
B
s188888
[[88888
t1III
ddIII
tkoo
tn
uuu
zzuuu
s2





Yn
X2
(3.9)
between them, in C0.
Remark 3.22. Here all vertial maps are upward or downward morphisms of m-
oalgebras, the {gi}, i = 1, . . . , n are morphisms of m-oalgebras and the {ti} are
elementary equivalenes.
Proof. This is an immediate onsequene of 3.12 and 3.18.
It is interesting to see what happens if we an abelianize the ategory M0:
Theorem 3.23. Let V be an Abelian ategory and let f:M0 → V be a full funtor.
In addition, let V′ = V[f(S)−1] be the orresponding ategory of frations. Then:
1. any morphism in V′ an be expressed as a diagram
f(A)
f(f)
// f(X) f(B)
f(s)
oo
2. two morphisms f(A)
f(fi)
// f(Xi) f(B)
f(si)
oo
, i = 1, 2 are equivalent (in V′),
if and only if there exists a ommutative diagram in V:
f(X1)
u

f(A)
f(f1)
<<xxxxxxxx
f(f2) ##F
FF
FF
FF
F Z
f(B)
f(s1)
ccFFFFFFFF
f(s2){{xx
xx
xx
xx
f(X2)
v
OO
(3.10)
where u and v are morphisms of V that are invertible in V′.
In partiular, if Z is the saturation of f(S), then V′ = V[Z−1] admits a alulus of
right frations.
Remark 3.24. For an example where this theorem applies, let U be the ategory of
rational DG-oalgebras over E∞-operads, and otherwise dened like M0. There is
an obvious funtor M0 → U and we dene V to be the image of this funtor. This
is an abelian ategory, and 3.23 implies that its homotopy theory has a partiularly
simple form.
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Another example is the ategory,N0 of m-oalgebras with torsion. This is dened
like M0 exept that we allow m-oalgebras to have Z-torsion.
The denition of homotopy implied by a alulus of right frations resembles
Quillen's denition of right homotopy in [16℄, but is onsiderably simpler.
Proof. The rst statement follows from the fat that f is full. The seond follows
from the fat that, in an abelian ategory, we an always form push-outs. We,
onsequently, take a diagram of elementary homotopies (like 3.9) and, whenever we
enounter a subdiagram of the form
.
.
.
Yi−1
f(A)
@@ gi−1pp
77pp
gi //
gi+1
NN
''NN

<<
<<
<<
<<
<<
<<
Yi
w

r
OO
f(B)
^^<<<<<<<<<<<<ti−1NN
ggNN
tkoo
ti+1
pp
wwpp
  





Yi+1
.
.
.
(3.11)
and we form the push out of
Yi
r //
w

Yi−1
Yi+1
It is straightforward to hek that this push-out an be inserted into
diagram 3.11. After many yles of onsolidating morphisms going in the same
diretion and repeating this push-out onstrution, we end up with a diagram
that has the required form. The nal laim follows from page 12 of [7℄.
3.2. Morphisms.
Denition 3.25. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. A morphism f :C1 → C2 in C0 is dened to be a obration if the push out
exists in C0
C1
f
//

C2

Z
// D
in whih ase D is alled its ober. We extend this to C via the anonial funtor
C0 → C .
Any map is homotopi to a obration, as we an see from the onstrution:
Denition 3.26. Let C0 = M0, L0, or F0 and let C denote M, L, or F, respe-
tively. We dene the algebrai mapping ylinder, M(f), of a morphism, f :C → D,
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in C0 to be the push out
C
f
//
1⊗p0

D
ιD

C ⊗ I/C0 ⊗ I ηC
// M(f)
(3.12)
If C and D are m-oalgebras over R, the underlying operad of M(f) is R⊗S.
When C0 = L0 or F0, the algebrai mapping ylinder in C0 is that of M0 with
struture map pulled bak over the diagonal morphism
S→ S⊗S
 see 2.56.
Given a morphism f = s−1g:C → D in C , where g:C → X is a morphism in
C0 and s:D → X is an elementary equivalene, dene M(f) = M(g), with the
anonial map ιD = ιX ◦ s:D→M(f).
Proposition 3.27. The anonial map
ιD:D →M(f)
in diagram 3.12 is an elementary equivalene (in the sense of 3.8).
Proof. If f is a morphism in M0, L0, or F0, this is lear: the inlusion is a diret
summand (as a hain-omplex) and a homology equivalene. In the general ase
(i.e., in M, L, or F) ιD is a omposite of two elementary equivalenes (in opposite
diretions).
Corollary 3.28. Let f :C1 → C2 be a morphism in M, L, or F. Then f is an
equivalene if and only if its underlying map indues homology isomorphisms.
Proof. The only-if part of this is lear. The if part follows immediately from the
existene of algebrai mapping ylinders.
Corollary 3.29. Let X be a pointed, simply-onneted, 2-redued simpliial set,
let ∆˙(X) be the 2-redued form of the singular omplex, and let i:X → ∆˙(X) be
the inlusion. Then
C(i):C(X)→ C(∆˙(X))
is an elementary equivalene in L0, so that C(X) and C(∆˙(X)) dene the same
objet of L.
Remark 3.30. In [20℄, C(∆˙(X)) was alled C(X).
Theorem 3.31. The funtor C(∗): SS→ L0 indues a funtor
C(∗): Homotop
0
→ L
where Homotop
0
is the homotopy ategory of pointed, simply-onneted, 2-redued
simpliial sets.
Remark 3.32. By abuse of notation, we ontinue to denote this funtor as C(∗).
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Proof. This follows from results in [16℄, whih haraterizes the homotopy ategory
of simpliial sets as a loalization of the ategory of simpliial sets by weak equiv-
alenes. Proposition 4 on page 3.19 of [16℄ shows that a morphism f :X → Y is an
isomorphism in the homotopy ategory if and only if:
1. f∗:H0(Y, S)→ H0(X,S) is an isomorphism for any set S
2. f∗:H1(Y,G)→ H1(X,G) is an isomorphism for any group G
3. f∗:Hq(Y,L)→ Hq(X, f∗L) for an loal oeient system L of abelian groups
on Y and any q ≥ 0
In our ase (pointed, simply-onneted, 2-redued simpliial sets), these ondi-
tions redue to f induing homology isomorphisms with Z oeients. Sine,
Homotop
0
= SS[V −1], where V is the morphisms induing homology isomorphisms,
it follows from 3.28 that C(∗) arries elements of V to the saturation of T in
L = L0[S
−1], hene extending (uniquely) to a funtor
C(∗): Homotop
0
→ L
Denition 3.33. If f :C → D is a morphism in M, L, or F, dene the algebrai
mapping one, A(f) to be the ober of the obration ηC :C → M(f) dened in
diagram 3.12. It omes equipped with a anonial morphism ιD:D → A(f).
Proposition 3.34. Let C = M, L, or F. The algebrai mapping one denes a
funtor from the ategory of C - morphisms to C .
Remark 3.35. In other words, equivalent morphisms give rise to equivalent alge-
brai mapping ones.
Proof. Consider an elementary homotopy
X
v

A
f1
99rrrrrr
f2 %%
LLL
LLL
B
s1
ffLLLLLL
s2xxrrr
rrr
Y
It indues
X ⊗ I
v⊗1

A
f1 77oooooo
f2
''OO
OOO
O B
s1ggOOOOOO
s2wwoo
ooo
o
Y ⊗ I
where the map v ⊗ 1 is an equivalene sine v = s2s
−1
1 in C . This fators through
to the algebrai mapping ones.
Denition 3.36. If C is an m-oalgebra over an E∞-operad R, then the suspen-
sion, ΣC , is dened via
ΣC = C ⊗ I/(C+ ⊗ p0 ⊕ C
+ ⊗ p1 ⊕ C0 ⊗ I)
where C+ is the portion of C above dimension 0 and C0 = Z. This is an m-oalgebra
over R⊗S.
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Remark 3.37. It is not hard to see that this denes a funtor Σ:M→M.
Lemma 3.38. Let C1 and C2 be m-oalgebras over S that are both ayli and
Cartan (see 2.58 for the denition of the property of being Cartan) and let g:C1 →
C2 be a hain map. Then there exists an m-struture on the algebrai mapping
ylinder, M(g), extending those of C1 and C2.
Remark 3.39. Note that the map f need not be a morphism of m-oalgebras. The
m-struture on M(g) measures the extent to whih g fails to be a morphism of
m-oalgebras.
Proof. By abuse of notation, we will denote the algebrai mapping ylinder byM(g)
(even though g is not neessarily a morphism). Let the hain omplex of I (the
unit interval) be given by:
1. C0(I) = Z ·p0⊕Z ·p1 (we have hosen anonial generators, p1 and p2, of Z
2
)
and
2. C1(I) = Z · q, with ∂q = p1 − p2.
Let ϕi:Ci → Ci be self-annihilating, ontrating homotopies assoiated with C1
and C2 (see 2.58). The following is a self-annihilating, ontrating homotopy of
M(g):
ψ | C1 ⊗ p0 = ϕ1
ψ | C2 ⊗ p1 = ϕ2
ψ | C1 ⊗ q = ϕ1 ⊗ q
Now we onstrut an m-struture on M(g) by a relativized form of the argument
used in 2.57. Dene
Ψn = ψ ⊗ 1⊗ · · · ⊗ 1 + ǫ⊗ ψ ⊗ · · · ⊗ 1 + · · ·+ ǫ ⊗ · · · ⊗ ǫ⊗ ψ
where eah produt has n fators. This is a self-annihilating ontrating homotopy
of M(g)n. We will build an m-struture over S on M(g) with adjoint map
Fn: RSn ⊗M(g)→M(g)
n
that satises the invariant ondition
Fn(A(Sn, 1)⊗M(g)) ⊆ Ψn(M(g))(3.13)
for all n > 1. This m-struture is already dened on C1 ⊗ p0 and C2 ⊗ p1; we need
only extend it to C1 ⊗ q.
Let 1⊗A ∈ 1⊗A(Sn, 1) ⊂ RSn ⊂ S and let z ∈ imψ ⊂M(g) (i.e., z is either in
imϕ⊗p1 ⊂ C2⊗p1 or C1⊗q). We perform indution on the dimension of 1⊗A⊗z
by setting
Fn(σ ⊗A⊗m) = σ · Fn(A⊗m)
where σ ∈ Sn, and m ∈M(g), and
Fn(1 ⊗A⊗ z) = Ψn ◦ Fn ◦ ∂(1⊗A⊗ z)
There is a unique hain-map satisfying these onditions beause ψ2 = 0, so that
∂| imψ is injetive.
The proof that ompositions inSmap into ompositions of the Fn-maps proeeds
exatly as in 2.57, using the invariant ondition in 3.13 and a ommutative diagram
like 2.3.
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Corollary 3.40. Let T be a ategory and let C(∗) and D(∗) be funtors from T
to L0. Suppose that C(∗) is free on some set of models {mα} in T and C(mα)
and D(mα) are ayli with Cartan m-strutures (see 2.58) for all models mα. In
addition, let f(ob):C(ob)→ D(ob) be a natural transformation of funtors for all
ob ∈ T. Then f(ob) is the underlying map of a morphism F (ob):C(ob) → D(ob)
in L for all ob ∈ T.
If, in addition, f(ob) indues homology isomorphisms for all ob ∈ T, then it is
the underlying map of an equivalene in L for all ob ∈ T.
Proof. We onstrut Z(ob) to have an underlying hain omplex that is the algebrai
mapping ylinder of f(ob). Sine f is a natural transformation, and sine C is free
on the {mα}, it follows that Z(∗) is onstruted from Z(f |C(mα)). Consequently,
3.40 implies that we an extend the m-strutures of C(mα) and D(mα) to an m-
struture on Z(f |C(mα)). These m-strutures indue an m-struture on on all of
Z(f).
With this m-struture, the inlusion of C(ob) and D(ob) into the ends of this
algebrai mapping ylinder are morphisms of m-oalgebras, with the inlusion of
D(ob) an equivalene. The onlusion follows.
We get a version of the Eilenberg-Zilber theorem:
Corollary 3.41. Let X and Y be pointed, simply-onneted simpliial sets. Then
C(X × Y ) = C(X)⊗ C(Y ) ∈ L.
 It is important to note that the Eilenberg-Zilber maps are not morphisms of
oalgebras over S  they are only morphisms in the loalized ategory L.
This has a number of onsequenes  not the least of whih is the fat
that topologial groups usually do not dene m-Hopf-algebras. Although their
produt map is assoiative, it does not preserve m-strutures. This means,
for instane, that the redued bar onstrution of C(G), for G a simpliial
group, does not have a well-dened m-struture.
Proof. It is only neessary to note that these are funtors from the ategory of
ordered pairs of simpliial sets and that the respetive funtors are free and ayli
on models omposed of pairs of simplies.
3.3. Homotopy sets and groups. We an also dene homotopy sets:
Denition 3.42. Let C and D be m-oalgebras. Then L0(C,D) and [C,D] =
L(C,D) are dened to be the sets of morphisms in the ategories L0 and L, respe-
tively.
 One might be inlined to think of L(C,D) as a kind of quotient of L0(C,D)
(at least the author was so inlined for some time). It really turns out to be
a quotient of a proper superset of L0(C,D). Indeed, it is easily possible for
L0(C,D) = 0 and for [C,D] 6= 0. Furthermore, an equivalene f :C → C
′
does not neessarily indue an isomorphism L0(C
′, D)→ L0(C,D).
Here is an example of this phenomenon:
Let Bn = H∗(C(S
n),Z), for all n > 1. This is a hain-omplex onentrated in
dimensions 0 and n, where its hain-modules are Z. It is not hard to see that the
m-struture on C(Sn) indues a (mostly trivial) m-struture on Bn and that there
exists an m-oalgebra morphism
en:C(S
n)→ Bn(3.14)
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Corollary 3.28 implies that this is an equivalene in M.
Now we onsider morphisms fromB3 toB2. It is easy to see thatM0(B
3, B2) = 0
sine the hain-module of B3 vanishes in dimension 2.
On the other hand, let:
1. Z3 = M(e3)  the algebrai mapping ylinder of e3 dened in 3.14,
2. Z2 = M(e2)  the algebrai mapping ylinder of 2 dened in 3.14,
3. V (h) = M(h), where h:C(S2) → C(S2) is indued by a geometri map (the
Hopf map, for instane).
Now dene K(h) = Z3 ∪C(S3) V (h) ∪C(S2) Z2. The inlusion of B
2
in K(h) is an
elementary equivalene and the diagram
B3 // K(h) B2oo
represents an element of [B3, B2]. Two suh diagrams represent the same element
if they t into a diagram
K(h1)
g

B3
i1 77oooooo
i2
''OO
OOO
O B2
j1ggOOOOOO
j2
wwooo
ooo
K(h2)
where the i and j-maps are inlusions (and the j-maps are equivalenes).
Now onsider the relative ohomology H∗(K(hi), B
3): this is given by
Hi(K(hi), B
3) =


Z i = 0
Z i = 2
Z i = 4
0 otherwise
where the generator, αi, of H
2(K(hi), B
3) is indued by the anonial generator of
H2(B2). Now αi ∪ αi ∈ H
4(K(hi), B
3) is some multiple, w(hi), of the generator,
βi, of H
4(K(hi), B
3).
The ommutativity of diagram 3.3 (and its m-strutures) implies that w(h1) =
w(h2), at least setting g
∗(β2) = β1 ∈ H
4(K(h1), B
3), and a diagram hase in-
volving the long exat sequene in ohomology shows that w(h) oinides with the
Hopf invariant of the map h. If h is a trivial map (i.e., any map indued from
M0(B
3, B2)), then w(h) = 0, sine K(h)/B3 is essentially S4 ∨ S2.
On the other hand, the Hopf map S3 → S2 is well-known (see [11℄) to have
a Hopf invariant of ±1. With suitable simpliial deompositions of S3 and S2
(for instane, the singular omplexes), we an ompute the Hopf invariant on the
hain-level.
This shows that M(B3, B2) 6= 0. With a little more work, one an show that
M(B3, B2) = Z (see hapter 9).
Denition 3.43. Let C and D be m-oalgebras. Dene their one-point union,
C ∨D to have an underlying hain-omplex given by:
1. (C ∨D)0 = Z
2. (C ∨D)i = Ci ⊕Di for i > 0
with m-struture indued from that of C and D via the anonial projetion
p: (Ci ⊕Di)
n → Cni ⊕D
n
i
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Proposition 3.44. For all n > 1 there exists a morphism
dn:B
n → Bn ∨Bn
sending 1 ∈ Bnn = Z to 1⊕1 ∈ B
n
n⊕B
n
n. This is o-ommutative and o-assoiative
and, therefore, indues a map
[Bn, C]× [Bn, C]→ [Bn, C]
making [Bn, C] into an abelian group for any m-oalgebra, C.
Remark 3.45. Note that homotopy sets generally do not have an abelian group
struture: the sum of two morphisms is usually not a morphism due to the nonlin-
earity of m-strutures.
Proof. The key fat here is that the m-struture of Bn is trivial, thereby eliminating
any obstrution to the existene of dn. The statements about o-ommutativity
and o-assoiativity follow immediately from the denition of dn and the remaining
statements are lear.
Denition 3.46. Let C be an m-oalgebra and let n > 1 be an integer. Then
πn(C) = [B
n, C] is dened to be the nthhomotopy group of C.
4. A∞-strutures
4.1. Denitions. In this setion we dene non-Σ operads that an be used to
dene algebras and oalgebras that are assoiative up to a homotopy. These
operads were rst desribed by Stashe in [22℄ as a way of algebraially desribing
H-spaes whose produt operation was only homotopy assoiative.
Denition 4.1. The free A∞-operad, A, is a non-Σ operad equal to A = Aˆ/I
where:
1. Aˆ is the free, non-Σ omposition algebra (see 2.11) generated over Z by formal
ompositions of elements {Dk}, where dim(Dk) = k − 2, deg(Dk) = k. This
means that its Z-generators are words {Di1 ◦j1 · · · ◦kk−1 Dik} subjet only to
the two relations
Assoiativity: (a ◦i b) ◦j c = a ◦i+j−1 (b ◦j c)
Commutativity: a ◦i+m−1 (b ◦j c) = (−1)
mnb ◦j (a ◦i c)
where a, b, c ∈ Aˆ.
2. I ⊂ Aˆ is the ideal generated by
n∑
k=1
n−k∑
λ=0
(−1)k+λ+kλDk ◦n−k−λ+1 Dn−k+1(4.1)
for all n ≥ 1.
The identity in 4.1 implies that D21 = 0. We make A a sequene of DG-modules by
setting boundary operators to D1.
Denition 4.2. Let R be an operad. An A∞-struture on R is a morphism of
(non-Σ) operads:
A→ R
If C is a DG-module,
39
OPERADS AND ALGEBRAIC HOMOTOPY Justin R. Smith
1. an A∞-algebra struture on C is an A∞-struture on the endomorphism op-
erad, i.e., an operad morphism
A→ End(C)
2. an A∞-oalgebra struture on C is an A∞-struture on the o-endomorphism
operad, i.e., an operad morphism
A→ CoEnd(C)
Remark 4.3. We briey onsider what A∞-algebras and oalgebras look like. Sup-
pose A is an A∞-algebra with struture map
f :A→ End(C)
Then A is equipped with maps
µ¯i = f(Di):A
i → A
of degree i− 2 satisfying the identity
n∑
k=1
n−k∑
λ=1
µ¯n−k+1 ◦ (1
λ ⊗ µ¯k ⊗ 1
n−k−λ) = 0
where µ¯1 = ∂:A→ A. Similarly, an A∞-oalgebra with struture map
f :A→ CoEnd(C)
omes equipped with a system of degree k − 2-maps
f(Dk) = δk:C → C
k
satisfying the identity
n∑
k=1
n−k∑
λ=1
(−1)k+λ+kλδn−k+1 ◦ (1
λ ⊗ δk ⊗ 1
n−k−λ) = 0
An A∞-struture on an operad trivially indues orresponding strutures on
algebras and oalgebras over the operad:
Proposition 4.4. Let R be an operad equipped with an A∞-struture. Then
1. A oalgebra over R is an A∞-oalgebra.
2. A algebra over R is an A∞-algebra.
These two onstruts are dual to eah other, as the following result shows:
Proposition 4.5. Let C be an A∞-oalgebra and let A be a ring. Then
HomZ(C,A) has a natural A∞-algebra struture.
Proof. This follows from the Duality Theorem (2.22), whih states the existene of
an operad morphism:
CoEnd(C)→ End{a′n}(HomZ(C,A))
Now we ompose the struture map of C with this to get an operad morphism
A→ End{an}(HomZ(C,A))
The onlusion follows by noting that, as a non-Σ operad End{an}(HomZ(C,A)) =
End(HomZ(C,A)).
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4.2. Twisted tensor produts. Now we develop the important algebrai onept
of a twisting ohain and twisted tensor produt. We begin with the ategorial
denition given in [9℄:
Denition 4.6. Let C be a DGA-oalgebra with oprodut ∆:C → C ⊗ C, and
let A be a DGA-algebra with produt µ:A ⊗ A → A. A prinipal twisted tensor
produt, Z, of C by A is a hain-omplex satisfying:
1. Z is isomorphi, as a graded module, to C ⊗A
2. Z is a left, DG C-omodule  i.e., there exists a morphism of DG-modules
δ:Z → C ⊗ Z
making
Z
δ // C ⊗ Z
1⊗δ◦δ
// C ⊗ C ⊗ Z
Z
δ
// C ⊗ Z
∆⊗1
// C ⊗ C ⊗ Z
ommute;
3. Z is a right, DG A-module  i.e., there exists a morphism of DG-modules
α:Z ⊗A→ A
making
Z ⊗A⊗A
1⊗α
// Z ⊗A
α // Z
Z ⊗A⊗A
1⊗µ
// Z ⊗A α
// Z
ommute.
Remark 4.7. This is very similar to Cartan's denition of a Constrution: the es-
sential dierene is the present requirement that Z be a omodule over C.
Given this denition, one an readily determine the types of dierentials that
an exist on a twisted tensor produt:
Proposition 4.8. Let Z = C ⊗A be a prinipal twisted tensor produt, as dened
in 4.6. Then the dierential of Z is given by
∂Z = ∂C⊗A + x ∩ ∗
where x:C → A is a ohain (alled the twisting ohain) satisfying the identity
∂x+ x ∪ x = 0
This twisted tensor produt is written C ⊗x A.
Proof. See [9℄ for a proof. This involves onsidering ∂Z |C ⊗ 1 ∩ ker δ and applying
the identities that modules and omodules must satisfy.
Denition 4.6 easily generalizes to the ase where C is an A∞-oalgebra, A is an
A∞-algebra, and Z is an A∞-omodule over C and an A∞-module over A.
In the ase where C is A∞ and A is a DGA-algebra, we get:
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Denition 4.9. Let A be a DGA-algebra, let C be an A∞-oalgebra, and let
x:C → A be a map of degree −1. Then this map is a twisting ohain if
∂A ◦ x+
∞∑
i=1
µi−1 ◦ x⊗ · · · ⊗ x︸ ︷︷ ︸
i factors
◦∆i = 0
where µ:A⊗A→ A is the multipliation and ∆i:C → C
i
denes the A∞-struture.
The map ∂x:C ⊗A→ C ⊗A given by
∂x = 1⊗ ∂A +
∞∑
i=1
(1⊗ µi−1) ◦ (1⊗ xi−1 ⊗ 1) ◦ (∆i ⊗ 1)
is a dierential. The hain-omplex, C ⊗ A, equipped with this dierential, is a
prinipal twisted tensor produt and denoted C ⊗x A.
Another variant of twisted tensor produts is:
Denition 4.10. Let C be a DGA-oalgebra and let F be an A∞-algebra with
struture morphism
f :A→ End(F )
1. A map x:C → F , of degree −1 will be alled a twisting ohain if it satises
the ondition
x ◦ ∂C +
∞∑
i=1
f(Di) ◦ x⊗ · · · ⊗ x︸ ︷︷ ︸
i factors
◦∆i−1 = 0
2. Given a twisting ohain, x, the map
b(x) = ǫ+
∞∑
i=1
x⊗ · · · ⊗ x︸ ︷︷ ︸
i factors
◦∆i−1:C → B¯(F )
is a homomorphism of DGA-oalgebras.
3. Given a twisting ohain, x, the map
∂x = 1⊗ ∂C +
∞∑
i=1
(f(Di)⊗ 1) ◦ 1⊗ x⊗ · · · ⊗ x︸ ︷︷ ︸
i− 1 fators
⊗1 ◦∆i−1 ⊗ 1
C ⊗ F → C ⊗ F
is self-annihilating.
The hain-omplex, B¯(F ) ⊗ C, equipped with the dierential ∂x will be alled the
x-twisted tensor produt and denoted B¯(F )⊗x C.
Remark 4.11. As in the previous denition of a twisted tensor produt, we have
inorporated the dierential of one of the hain-omplexes (namely A) via an A∞-
struture. Here f(D1) = ∂F . See [15,  3℄ for denitions and the proof that a map
b:C → B¯(F ) is a homomorphism of DGA-oalgebras if and only if it is of the form
b(x) for some twisting ohain x. Note that x(C0) = 0 so that the 0-dimensional
omponents of the oprodut, ∆, have no eet on the formula for b(x) or the
denition of a twisting ohain.
We an generalize this denition of twisted tensor produt somewhat. Let M
be a left A∞-algebra over A, i.e. suppose there exist maps {aˆk} of degree k − 2,
aˆk:A⊗· · ·⊗A⊗M →M (k-fators in all), otherwise satisfying the same identities as
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an A∞-produt. This means that the equation in 4.2 is satised with the rightmost
opy of µ¯k replaed by aˆk. In this ase we an dene a twisted tensor produt
C ⊗aˆk M .
4.3. m-Hopf algebras.
Denition 4.12. Let:
1. H0 denote the ategory of m-Hopf algebras in M0. Its objets are the monoid
objets of M0 that satisfy the additional onditions:
(a) underlying operads are operad-oalgebras (see 2.38)
(b) the produt operation of an m-Hopf algebra, C, µ:C ⊗C → C overs the
underlying operad's oprodut ∆:R→ R⊗R.
Morphisms are required to preserve all strutures (i.e. the produt operation
and the underlying operad's oprodut).
2. H denote the ategory of m-Hopf algebras in M. Its objets are objets of
M over E∞-operad-oalgebras that have a produt (a morphism of M, now)
µ:C ⊗ C → C that overs the underlying operad's oprodut.
3. G denote the ategory of group objets in M.
Remark 4.13. If C is a monoid objet of M0 over the E∞-operad R, the existene
of a multipliation on C implies (by 3.1 and 3.6) the existene of an E∞-operad R
′
and morphisms R′ → R and R′ → R⊗R. It might seem unneessarily restritive
to require that R′ = R but appears to be neessary to dene the bar onstrution
(sine we must take iterated produts of elements).
The DGA-algebras, A(M,n), dened by Eilenberg and MaLane in [5℄ and [6℄ turn
out to have natural m-Hopf algebra strutures over the operad S dened in  2.3.
These DGA-algebras were originally used to ompute the homology of Eilenberg-
MaLane spaes  and in our theory, they at very muh like Eilenberg-MaLane
spaes.
5. The bar and obar onstrutions
5.1. Introdution. In this setion, we dene two important onstruts in algebrai
homotopy: the bar and obar onstrutions.
The bar onstrution was rst dened by Eilenberg and MaLane in [5℄ and [6℄.
Its dening property is that the bar onstrution, B¯(C(G)), of the hain omplex of
a simpliial group, G, gives the hain omplex of the lassifying spae of the group.
Eilenberg and MaLane used it to ompute the homology of Eilenberg-MaLane
spaes.
The obar onstrution, FC, was dened by Adams in [1℄ in a manner dual to
the denition of the bar onstrution. Its harateristi property is that the obar
onstrution of the hain omplex of a pointed, simply-onneted simpliial set is
the hain-omplex of the loop spae. Together the bar and obar onstrutions allow
one to understand brations at the hain-omplex level.
In  5.3 and 5.4, we will give slightly nonstandard denitions of the bar and
obar onstrution in terms of mapping telesopes (see  5.2) and prove a duality
theorem:
Proposition (5.32): Let C be an A∞-oalgebra with struture morphism
f :A→ CoEnd(C)
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and let A be a DGA-algebra. Then the A∞-oalgebra struture on C indues an
A∞-algebra struture on the hyper-hain omplex HomZ(C,A) (via the up-produt
map in 4.5) suh that there exists a natural morphism of hain omplexes
B¯(HomZ(C,A))→ HomZ(F(C), A)
This will play an important part in our omputation of the m-struture of the
obar onstrution in  6.
5.2. Mapping sequenes and telesopes. In this setion we will dene mapping
telesopes  a simple generalization of algebrai mapping ones  that we will use
in throughout the remainder of this paper. We reall the familiar denition of
algebrai mapping one:
Denition 5.1. Given a hain-map f :C → D between hain-omplexes, the right
algebrai mapping one, CR(f), is the hain-omplex C⊕Σ
−1D, equipped with the
dierential (
∂C 0
↓ ◦f − ↓ ◦∂D◦ ↑
)
:C ⊕ Σ−1D → C ⊕ Σ−1D
This omes equipped with a anonial hain map CR(f) → C and a anonial
inlusion Σ−1D ⊂ CR(f).
The left algebrai mapping one, CL(f), is just ΣCL(f) with boundary map(
− ↑ ◦∂C◦ ↓ 0
f◦ ↓ ∂D
)
: ΣC ⊕D → ΣC ⊕D
This omes with a anonial inlusion D ⊂ CL(f) and projetion CL(f)→ ΣC
Remark 5.2. Compare the Koszul Convention and our assumption that ↑ and ↓ are
hain-maps, whih implies that the boundary of Σ−1C is − ↓ ◦∂C◦ ↑.
The following result is an immediate onsequene of the denitions:
Proposition 5.3. Given f :C → D with right algebrai mapping one CR(f) and
a hain-omplex E with hain-map e:E → C, we an dene a map
e⊕ ↓ ◦g:E → CR(f) = C ⊕ Σ
−1D
if and only if g is a null-homotopy of f ◦ e. If this ondition is satised, we may
form an iterated algebrai mapping one
CR(e ⊕ g) = E ⊕ Σ
−1C ⊕ Σ−2D
Denition 5.4. A right mapping sequene, {Ci}→, is an innite sequene of hain-
omplexes and maps
C0
{f0,∗}
// C1
{f1,∗}
// C2
{f2,∗}
// · · ·
where:
1. fi,0:Ci → Ci+1 is a hain map with right mapping one CR(fi,0) = Fi,1
2. fi,1:Ci → Ci+2 is a nullhomotopy of fi+1,0 ◦ fi,0  induing a hain-map
fi,0⊕ ↓ ◦fi,1:Ci → Fi+1,1
44
Justin R. Smith OPERADS AND ALGEBRAIC HOMOTOPY
3. the map fi,j :Ci → Ci+j+1 has the property that
(fi,1⊕ ↓ ◦fi,2, ⊕ · · · ⊕ ↓
j−2 ◦fi,j−1)⊕ ↓
j−1 ◦fi,j:Ci → Fi+2,j−1
is a nullhomotopy of
(fi+1,0⊕ ↓ ◦fi+1,1 ⊕ · · · ⊕ ↓
j−1 ◦fi+1,j−1) ◦ fi,0:Ci → Fi+2,j−1
induing a hain-map fi,0⊕ ↓ ◦fi,1 ⊕ · · · ⊕ ↓
j ◦fi,j :Ci → Fi+1,j with right
mapping one CR(fi,0⊕ ↓ ◦fi,1 ⊕ · · · ⊕ ↓
j ◦fi,j) = Fi,j+1.
The {Fi,j} ome equipped with anonial surjetions Fi,j ← Fi,j′ for all i and all
j′ > j. Dene the assoiated mapping telesope via T {Ci}→ = lim←−F0,∗. Let TR
denote the ategory of right mapping sequenes.
A morphism of mapping sequenes is a sequene of morphisms of orresponding
hain-omplexes that ommute with all of the {fi,j} (whenever omposites exist).
Remark 5.5. Given a hain-omplex of hain-omplexes  a sequene of hain-
omplexes and hain-maps whose omposites are zero  we an form an iterated
algebrai mapping one. This is nothing but the hyperhomology omplex.
A right sequene as dened above is a homotopy hain-omplex of
hain-omplexes: two suessive hain-maps might have omposites that are not
zero but null-homotopi. We equip the struture with whatever it needs to make
the notion of iterated algebrai mapping one well-dened. This turns out to be
preisely the higher null-homotopies {fi,j}. The mapping telesope is just the
hyperhomology omplex.
In pratie, the {fi,j} will have the property that fi,j = 0 for all but a nite
number of values of j: this auses the inverse limit to be onvergent (so the mapping
telesope is ountably generated).
Proposition 5.6. Given the denitions in 5.4, the boundary map of Fi,j is a j +
1× j + 1 array:

∂i 0 · · · 0
↓ fi,0 − ↓ ∂i+1 ↑ · · · 0
↓2 fi,1 − ↓
2 fi+1,0 ↑ · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
↓j fi,j−1 − ↓
j fi+1,j−2 ↑ · · · (−1)
j ↓j ∂i+j ↑
j

(5.1)
where ∂i is the boundary map of Ci. The general element is given by
bα,β =


0 if α < β
(−1)α−1 ↓α−1 ∂i+α−1 ↑
α−1 if α = β
(−1)β−1 ↓α−1 fi+β−1,α−β−1 ↑
β−1 if α > β
(5.2)
and the ondition on fi,j an be written as:
j∑
α=2
(−1)αfi+α,j−α ◦ fi,α−1 + (−1)
j−1∂i+j+1 ◦ fi,j
+fi,j ◦ ∂i = fi+1,j−1 ◦ fi,0
Proof. The equations 5.1 and 5.2 follow by an indutive appliation of the bound-
ary formula in 5.1. The formula for fi,j follows by a straightforward but tedious
omputation.
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It is straightforward to dualize 5.4 to get the dual onept of left mapping sequene
and telesope:
Denition 5.7. A left mapping sequene, {Ci}←, is an innite sequene of hain-
omplexes and hain-maps
· · · C2
{f2,∗}
// C1
{f1,∗}
// C0
where:
1. fi,0:Ci+1 → Ci is a hain map with left mapping one CL(fi,0) = Fi,1
2. fi,1:Ci+2 → Ci is a nullhomotopy of fi,0 ◦ fi+1,0  induing a hain-map(
fi,1◦ ↓
fi,0
)
:Fi+1,1 → Ci
3. the map fi,j :Ci+j+1 → Ci has the property that

fi,j◦ ↓
j−1
fi,j−1◦ ↓
j−2
.
.
.
fi,1

 :Fi+2,j−1 → Ci
is a nullhomotopy of
fi,0 ◦


fi+1,j−1◦ ↓
j−1
.
.
.
fi+1,1◦ ↓
fi+1,0

 :Fi+2,j−1 → Ci
induing a hain-map


fi,j◦ ↓
j
.
.
.
fi,1◦ ↓
fi,0

 :Fi+1,j → Ci with left mapping one CL =
Fi,j+1.
The {Fi,j} ome with inlusions Fi,j ⊂ Fi,j′ for all i and j
′ > j. Dene the
mapping telesope via T {Ci}← = lim−→Fi,i.
Denition 5.8. Let TL denote the ategory of left mapping sequenes.
The following result is straightforward:
Proposition 5.9. Morphisms of (left or right) mapping sequenes indue mor-
phisms of their orresponding mapping telesopes (as hain-omplexes).
Given a mapping sequene {Ci}∗, where ∗ =→ or ←, and a hain-omplex D,
one may dene the indued mapping sequene Hom(D, {Ci}∗) = {HomZ(D,Ci)}∗.
We also have the following relation between right and left mapping sequenes:
Proposition 5.10. Let {Ci}→ be a right mapping sequene and let D be a DGA-
algebra. Then Hom({Ci}→, D) = {HomZ(Ci, D}← has the struture of a left map-
ping sequene and there exists a hain-map
T {HomZ(Ci, D}← → HomZ(T {Ci}→, D)
that is natural with respet to morphisms of mapping sequenes.
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Proof. Most of the statements follow from the funtoriality of HomZ(∗, ∗). The
last statement follows by onsidering the Fi,j and passing to the limits: it is not
hard to see that Fi,j({HomZ(C∗, D}←}) ∼= HomZ(Fi,j(T {C∗}→), D) for nite i, j.
When we pass to the limits, there still exists a map, but it is not neessarily an
isomorphism.
We an dene tensor produts of mapping sequenes:
Proposition 5.11. Let {Ci, f∗,∗} and {Dj , g∗,∗} be two right mapping sequenes.
If we dene their tensor produt, {Ci} ⊗ {Dj} to be the right mapping sequene
{({Ci} ⊗ {Dj})k =
⊕
i+j=k
Ci ⊗Dj, h∗,∗}(5.3)
where
hi,j |Cα ⊗Dβ = fα,j ⊗ 1 + (−1)
α(j+1)1⊗ gβ,j(5.4)
then ι:T {Ci}→⊗{Dj}→ → T {Ci}⊗T {Dj}→ is an isomorphism, where ι|Σ
−iCi⊗
Σ−jDj =↓
i+j
C⊗D ◦ ↑
i
C ⊗ ↑
j
D: Σ
−iCi ⊗ Σ
−jDj → Σ
−(i+j)(C ⊗D) (see 2.6).
Remark 5.12. Note that 5.3 implies that i = α+ β in equation 5.4.
Proof. Reall that, in the notation of 5.4, T {∗}→ = F0,∞. The boundary of
T {Ci}→ ⊗ {Dj}→ is ∂1 ⊗ 1 + 1 ⊗ ∂2, where ∂1 is given, on Σ
−αCα by (see 5.2
) ∑
α′≥α
(−1)α ↓α
′
fα,α′−α−1 ↑
α: Σ−αCα →
⊕
α′≥α
Σ−α
′
Cα′
and ∂2 is given by∑
β′≥β
(−1)β ↓β
′
gβ,β′−β−1 ↑
β: Σ−βCβ →
⊕
β′≥β
Σ−β
′
Cβ′
The diagram
Σ−αCα ⊗ Σ
−βDβ
(−1)α↓α
′
C fα,α′−α−1↑
α
C⊗1

↓α+β↑αC⊗↑
β
D // Σ−(α+β)(Cα ⊗Dβ)
(−1)α+β↓α
′+βfα,α′−α+1⊗1↑
α+β

Σ−α
′
Cα′ ⊗ Σ
−βDβ
↓α
′+β↑α
′
C ⊗↑
β
D
// Σ−(α
′+β)(Cα′ ⊗Dβ)
ommutes beause the omposite ↓α
′
C fα,α′−α+1 ↑
α
C ⊗1 is of degree −1, and the
diagram
Σ−αCα ⊗ Σ
−βDβ
(−1)β1⊗↓β
′
D gβ,β′−β−1↑
β
D

↓α+β↑αC⊗↑
β
D // Σ−(α+β)(Cα ⊗Dβ)
(−1)α(β
′−β)(−1)α+β↓α+β
′
1⊗gβ,β′−β−1↑
α+β

Σ−αCα ⊗ Σ
−β′Dβ′
↓α+β
′
↑αC⊗↑
β′
D
// Σ−(α+β
′)(Cα ⊗Dβ′)
is also seen to ommute, after we permute ↑αC ⊗ ↑
β
D with 1⊗ gβ,β′−β−1.
he onlusion follows.
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Denition 5.13. A group-objet in the ategory TR is a right mapping sequene
{Ci, f∗,∗} equipped with a morphism
µ: {Ci, f∗,∗} ⊗ {Ci, f∗,∗} → {Ci, f∗,∗}
In the ase where Ci = C
i
(i-fold iterated tensor produt), and the morphism µ
just sends eah Ci ⊗Cj isomorphially to Ci+j we will all {Ci, f∗,∗} a free group-
objet of TR. It is not hard to see that {f∗,∗} of a free group objet is determined
by {f1,∗}.
The following is immediate:
Proposition 5.14. The mapping telesope of a group-objet of TR is a DGA-
algebra.
Here are some examples of mapping telesopes and group-objets:
Example 5.15. et C be a hain-omplex and let {f∗,∗} all be zero. Then the se-
quene {Ci, f∗,∗} is a free group-objet whose assoiated mapping telesope T {Ci}→
is nothing but the tensor algebra of Σ−1C.
We also have the following interesting variation on this example:
Proposition 5.16. Let C be an A∞-oalgebra with C = Z ⊕ C¯ (where C0 = Z)
and dene
f1,i = (−1)
(i+2)(i+1)/2∆i+2: C¯ → C¯
i+2
where ∆j :C → C
j
is the A∞-struture. Then {C¯
i, f∗,∗} is a free group-objet.
Remark 5.17. The fator (−1)(i+2)(i+1)/2 is equal to the omposition of
↑ ⊗ · · ·⊗ ↑︸ ︷︷ ︸
i+2 factors
with
↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
i+2 factors
Proof. We must verify that the identities in 5.4 are satised. The statement that
{Ci, f∗,∗} is a free group-objet implies that
fi,j = (−1)
(j+2)(j+1)/2
(5.5)
·
i∑
β=1
(−1)(β−1)(j+1) 1⊗ · · · ⊗∆j+2 ⊗ · · · ⊗ 1︸ ︷︷ ︸
positionβ
=
i∑
β=1
(−1)(2β+j)(j+1)/2 1⊗ · · · ⊗∆j+2 ⊗ · · · ⊗ 1︸ ︷︷ ︸
position β
by a reursive appliation of 5.11. The identity in 5.6 gives us:
j∑
α=2
(−1)αfi+α,j−α ◦ fi,α−1 + (−1)
j−1∂i+j+1 ◦ fi,j
+fi,j ◦ ∂i = fi+1,j−1 ◦ fi,0
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If we ompute fi+α,j−α ◦ fi,α−1 in the ase where i = 1, we get
fα+1,j−α ◦ f1,α−1 = AB
α+1∑
β=1
(−1)(β−1)(j+1−α) ·
1⊗ · · · ⊗∆j+2−α ⊗ · · · ⊗ 1︸ ︷︷ ︸
positionβ
◦∆α−1
= AB
α+1∑
β=1
(−1)(β−1)(j+1−α)∆j+2−α ◦β ∆α−1
= (−1)nk+n+kAB ·
n−k∑
λ=1
(−1)kλ+k+λ∆k ◦n−k−λ+1 ∆n−k−1
where
β = n− k − λ+ 1
α = n− k
j = n− 2
A = (−1)(j+2−α)(j+1−α)/2
= (−1)k(k−1)/2
B = (−1)(α−1)(α−2)/2
= (−1)(n−k−1)(n−k−2)/2
or
k = j + 2− α
λ = α− β + 1
n = j + 2
This implies that
(−1)αfα,j−α ◦ f0,α−1(5.6)
= (−1)nkAB
n−k∑
λ=1
(−1)kλ+λ+k∆k ◦n−k−λ+1 ∆n−k−1
Now we ompute
AB = (−1)(k
2−2k+1)/2+(n2+k2−2nk−2n+2k+2)/2
= (−1)(2k
2+n2−2nk−2n+2k+3)/2
= (−1)k
2+k−nk+1+(n2−2n+1)/2
= (−1)nk+1+n(n−1)/2
sine k2 ≡ k (mod 2). Substituting this into 5.6 gives:
(−1)αfα,j−α ◦ f0,α−1 =
−(−1)n(n−1)/2
n−k∑
λ=1
(−1)kλ+λ+k∆k ◦n−k−λ+1 ∆n−k−1
and the onlusion follows from 4.1 and 5.6.
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We also make the dual denition:
Denition 5.18. A ogroup-objet in the ategory TL is a left mapping sequene
{Ci, f∗,∗} equipped with a morphism
δ: {Ci, f∗,∗} → {Ci, f∗,∗} ⊗ {Ci, f∗,∗}
In the ase where Ci = C
i
(i-fold iterated tensor produt), and the morphism
δ just sends Ci ⊗ Cj isomorphially to Ci+j we will all {Ci, f∗,∗} a free ogroup-
objet of TL. It is not hard to see that {f∗,∗} of a free group objet is determined
by {f1,∗}.
The following result is the dual to 5.16:
Proposition 5.19. Let C be a A∞-algebra with struture map
g:A→ End(C)
with C = Z⊕ C¯ and C0 = Z. Then
B = · · · // C¯ ⊗ C¯
{f1,∗}
// C¯
0 // Z(5.7)
is a free ogroup objet in TL, where the {fi,j} are given by
f1,j = (−1)
(j+2)(j+1)/2g(Dj+2): C¯
j+2 → C¯
Proof. The proof is very similar to 5.16 (we take the duals of all of the maps
there).
5.3. The obar onstrution. The obar onstrution is a funtor from the at-
egory of DGA-oalgebras to that of DGA-algebras rst dened by Adams in [1℄,
who proved that it gave the hain omplex of the loop spae of a pointed simply-
onneted spae. One of our main results will be that it is a funtor
F:M→ H
 in other words, the obar onstrution of an m-oalgebra omes equipped with
an m-struture. This makes it possible to iterate the obar onstrution, solving a
question rst posed by Adams.
We will give a somewhat nonstandard denition of the obar onstrution that
will be useful in onstruting its m-struture.
Corollary 5.20. Let C be a A∞-oalgebra with struture map
g:A→ CoEnd(C)
with C = Z⊕ C¯, where C0 = Z. Then (by 5.16)
Z
0 // C¯
{f1,∗}
// C¯ ⊗ C¯ // · · ·(5.8)
is a right mapping sequene and {C¯i, fi,j}is a free group-objet in TR and we dene
its assoiated mapping telesope T {C¯i, fi,j}→ to be the obar onstrution of C.
This is denoted F(C).
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Remark 5.21. Sine {C¯i, fi,j} is a free group-objet, it is lear that F(C) is a free
DGA-algebra.
It is not hard to see our denition of the obar onstrution produes something
isomorphi to the standard obar onstrution (as dened in [1℄, [2℄, or [20℄) in
whih F(C) = T (C) (the tensor algebra), equipped with the dierential
∂F(C)|Σ
−1C = ∂(Σ−1C¯)⊗ +
∞∑
i=2
↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
i factors
◦f(Di)◦ ↑
and required to be a DGA-algebra. The isomorphism in question is
(−1)n(n−1)/2 ↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
n factors
◦ ↑n: Σ−nC¯n → (Σ−1C¯)n
on this diret summand, where
(−1)n(n−1)/2 ↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
n factors
=

↑ ⊗ · · ·⊗ ↑︸ ︷︷ ︸
n factors

−1
The obar onstrution omes equipped with surjetions to the trunated obar
onstrutions:
F(C)→ Fn(C) = F1,n(5.9)
(see 5.4 for the denition of F1,n). The Fn(C) form an inverse system with F(C)
as inverse limit.
Claim 5.22. Although the obar onstrution was dened for an m-oalgebra, it
an be dened for an arbitrary oalgebra, C, over an operad. There is only a slight
problem if C1 6= 0  in this ase, (FC)0 will be innitely generated. In partiular,
if C nitely-generated in eah dimension and is onentrated in dimensions ≤ 0,
FC is perfetly well-dened and nitely generated in eah (negative) dimension.
Denition 5.23. The map ℓ:C → F(C) that sends c ∈ C to Σ−1c ∈ F(C) is a
twisting ohain. The orresponding twisted tensor produt, C ⊗ℓ F(C) is well-
known to be ayli and is alled the anonial twisted tensor produt of F(C).
We an expand on 5.20 to get a mapping sequene for the anonial twisted
tensor produt:
Proposition 5.24. Let C be a A∞-oalgebra with struture map
g:A→ CoEnd(C)
and obar onstrution F(C). Then
V = C
z1 // C ⊗ C¯
{f1,∗}
// C ⊗ C¯2 // · · ·(5.10)
is a right mapping sequene, where C = Z⊕ C¯, p:C → C¯ is the projetion, and the
{fi,j} are given by
f0,j = (−1)
j(j+1)/21⊗ pj+1 ◦∆j+2:C → C ⊗ C¯
j+1
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and, for j > 0
fi,j =
i∑
α=1
(−1)(2α−j)(j+1)/21⊗ 1⊗ · · · ⊗∆j+2 ⊗ · · · ⊗ 1︸ ︷︷ ︸
positionα
+(−1)(2i−j)(j+1)/21⊗ pj+1 ◦∆j+2 ⊗ 1
where pj+1 = p⊗ · · · ⊗ p︸ ︷︷ ︸
j+1 times
:Cj+1 → C¯j+1. The assoiated mapping telesope,
T {Ci}→, is isomorphi to C ⊗ℓ F(C).
Remark 5.25. The omposite pj+1 ◦∆j+2 is eetively ∆j+2 unless j = 0, in whih
ase its kernel is Z. For j > 0, the the image of ∆j+2 does not ontain a fator of
1 ∈ Z ⊂ C.
The mapping sequene 5.10 is the result of perturbing the tensor produt, C ⊗
{C¯i, fi,j}, where {C¯
i, fi,j} is the mapping sequene for F(C). Beause {C¯
i, fi,j} is
a group-objet in TR and the boundary maps dened above oinide with those of
{C¯i, fi,j} when restrited to this fator, it follows that there exists a morphism
V ⊗ {C¯i, fi,j} → V
so that V is a right-module objet in TR.
Proof. This is very similar to the proof of 5.16 and 5.20  we have formed the
mapping sequene representing the tensor produt C⊗F(C) using 5.11 (regardingC
as a mapping sequene onentrated in the 0th term) and added a term representing
the twisting ohain.
Now we dene the notion of equivalene of A∞-strutures:
Denition 5.26. Let R be an operad that possesses an A∞-struture. Two A∞
strutures on R
f1, f2:A→ R
will be alled equivalent if there exists a map
Φ:A→ R
of degree +1 with the following property: For every oalgebra C with R-ation
g:R→ CoEnd(C)
the map
1 +
∞∑
n=2
↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
n factors
◦g(Φ(Dn))◦ ↑: Σ
−1C → (Σ−1C)⊗(5.11)
indues an isomorphism of DGA-algebras
F1(C)→ F2(C)
Here, Fi(C) are the obar onstrutions formed using fi, i = 1, 2, respetively.
52
Justin R. Smith OPERADS AND ALGEBRAIC HOMOTOPY
Proposition 5.27. Under the assumptions of 5.26, the A∞-strutures f1 and f2
are equivalent if and only if
(5.12) Φ(Dq) ◦ ∂ + ∂ ◦ Φ(Dq)
=
q∑
j=2
q−j∑
λ=0
(−1)j+λ+jλf2(Dj) ◦q−λ−j+1 Φ(Dq−j+1)
−
q∑
j=2
∑
k1+···+kj=q
(−1)q+
∑
1≤α<β≤j(kα+1)kβ
· Φ(Dk1) ◦1 . . .Φ(Dkj ) ◦j f1(Dj)
Remark 5.28. Although we've appealed to the published proof of this result in
[15, Dénition 3.4℄, we ould have regarded the equivalene of A∞-strutures as a
homotopy of the identity map of the mapping sequene for the obar onstrution.
Proof. A lengthy omputation (see [15, Dénition 3.4℄) shows that equivalene of
A∞-strutures implies an equation like 5.12 in CoEnd(C). The orresponding equa-
tion in R will hold if there exists a oalgebra, C, over R suh that the struture
map
R→ CoEnd(C)
is injetive. But this follows from 2.50.
Proposition 5.29. Let R be an E∞-operad. Then R possesses an A∞-struture,
and any two suh strutures are equivalent.
Proof. This follows from 5.27 and the ayliity of an E∞-operad's omponents.
5.4. The bar onstrution. The bar onstrution was dened by Eilenberg and
Ma Lane in a series of papers beginning with [5℄. They used it to ompute hain-
omplexes of Eilenberg-Ma Lane spaes. They showed that the n-fold iterated bar
onstrution of the ring Zπ is hain-homotopy equivalent to the hain-omplex of
the Eilenberg-MaLane spae K(π, n).
The bar onstrution is dual to the obar onstrution in a ertain sense (and
historially preeded it) and is dened over A∞-algebras.
Reall that an A∞-algebra is a algebra over A  see 4.2 and 4.4.
Denition 5.30. Let C be an A∞-algebra with struture
f :A→ End(C)
with C = Z ⊕ C¯ and C0 = Z and onsider the left mapping sequene dened in
5.20:
B = · · · // C¯ ⊗ C¯
{f1,∗}
// C¯
0 // Z(5.13)
where is a free ogroup objet in TL, where the {fi,j} are given by
f1,j = (−1)
(j+2)(j+1)/2g(Dj+2): C¯
j+2 → C¯
We will dene the bar onstrution, B¯(C), of C to be the left mapping telesope of
B.
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Remark 5.31. The more traditional denition denes the dierential via
p ◦ ∂B¯ =↑ ◦∂C◦ ↓ +
∞∑
n=2
↑ ◦f(Dn) ◦ ↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
n factors
: (ΣA)⊗ → ΣC ⊂ B¯(C)
where p: (ΣA)⊗ → ΣA and extended to all of B¯(C) by requiring it to be a free
DGA-oalgebra.
The dening identity for an A∞-algebra is equivalent to the dierential on the
assoiated bar onstrution being self-annihilating  see [15,  3℄.
The following result shows how the bar and obar onstrutions are mutually
dual:
Proposition 5.32. Let C be an A∞-oalgebra with struture morphism
f :A→ CoEnd(C)
and let A be a DGA-algebra. Then the A∞-oalgebra struture on C indues an
A∞-algebra struture on the hyper-hain omplex HomZ(C,A) (via the up-produt
map in 4.5) suh that there exists a natural morphism of hain omplexes
B¯(HomZ(C,A))→ HomZ(F(C), A)
Remark 5.33. This is not an isomorphism unless C and A are nitely generated n
all dimensions, and A has no zero-divisors.
Proof. We appeal to 4.5 to get an A∞-module struture on HomZ(C,A). The
onlusion follows from 5.10, 5.16, 5.20, and 5.30.
It is possible to dene morphisms of A∞-algebras in a manner that is entirely dual
to the denition of morphisms of A∞-oalgebras. We get:
Denition 5.34. Given two A∞-algebras (A, {µ¯i}), (A
′, {m′i}), a morphism from
A to A′ is a family of maps {fi}, where fi is of degree i− 1, satisfying:
q∑
j=1
∑
k1+···+kj=q
(−1)
∑
1≤α<β≤j(kα+1)kβm′j ◦ (fk1 ⊗ · · · ⊗ fkj )
=
q∑
j=1
q−j∑
λ=0
(−1)q+j+λ+jλfq−j+1 ◦ (1λ ⊗mj ⊗ 1q−j−λ)
Remark 5.35. See [15,  3℄. Morphisms of A∞-algebras indue DGA-oalgebra
morphisms of the assoiated bar-onstrutions. This an, in fat, be taken as their
denition.
6. Operad ations on the obar onstrution
Given an m-oalgebra C, we may form the following hain-omplexes:
F(C)
C ⊗ℓ F(C)
We will show that both of these onstrut ome equipped with anonial m-
oalgebra strutures (that will turn out to be geometrially valid). Sine our on-
strution is fairly omplex, we begin with an overview:
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Let, C, be an m-oalgebra with struture morphism
R→ CoEnd(C)(6.1)
Aording to 5.20, we an regard F(C) as the mapping telesope of a mapping
sequene {Ci, fi,j}, where fi,j is a linear ombination of terms 1 ⊗ · · · ⊗ ∆j ⊗
· · · ⊗ 1. Proposition 5.11 implies that we an make a similar statement about
F(C)n. Consequently, we an express HomZ(C,F(C)
n) as a mapping telesope of
a mapping sequene {HomZ(C,C
i),HomZ(1, fi,j)} where the fi,j are maps of the
form HomZ(1, 1⊗ · · · ⊗∆j ⊗ · · · ⊗ 1).
The m-struture of C denes maps
Rn → HomZ(C,C
i)
We use these maps to dene a mapping sequene of the {Rn}and a morphism
from it to the dening mapping sequene of the obar onstrution. This gives rise
to a morphism of mapping telesopes:
ι:Zn(R)→ HomZ(C, (F(C))
n
)
that represents the rst stage of our onstrution.
Now, we dualize the A∞-oalgebra struture of C in HomZ(C, (F(C))
n
) to get
an A∞-algebra struture on the ohains (using the produt-operation of (F(C))
n
and the results of appendix A), ompute a produt-operation on Zn(R) suh that
the map ι respets produts and higher produts. We use 2.49 to onlude that the
produt operation on Zn(R) atually makes it an A∞-algebra. Now we appeal to
5.32 to get
B¯(Zn(R))→ B¯(HomZ(C, (F(C))
n)→ HomZ(F(C), (F(C))
n)
whih implies the onlusion.
We arry out a similar onstrution for the funtor C ⊗α F(C)  we derive a
funtor Y (R) with a anonial map (see 6.5)
Yn(CoEnd(C))→ HomZ(C, (C ⊗λ F(C))
n)
This Y -funtor is dened very muh like the Z-funtor desribed above exept that
it is not an A∞-algebra  instead, it is an A∞-module over L(∗) (see 6.10). We
will then show (see 6.12) that there exists a anonial map
Yn(CoEnd(C))⋆ρL(CoEnd(C))→ CoEnd(C ⊗λ F(C))
where ⋆- is just a twisted tensor produt written as Fiber × Base rather than
Base × Fiber (this is the reason for using this notation). We, onsequently, get a
struture map
Yn(R)⋆ρL(R)→ CoEnd(C ⊗λ F(C))
Note that the m-strutures of FC and C ⊗α FC (the anonial ayli twisted
tensor produt) are diretly indued from the m-struture of C in the following
sense:
1. We regard FC as a diret sum of tensor produts of desuspension of opies
of C.
2. In phase 1, we ompute a rst approximation
f :Z → HomZ(C,FC
n)(6.2)
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to the struture map of FC by taking diret sums of desuspensions of the
struture map of C. For instane, on the diret summand
HomZ(C, (Σ
−1C)2 ⊗ (Σ−1C)3) ⊂ HomZ(C,FC
2)
we note that there are a total of 5 opies of C and desuspend the struture
map
g5:R5 → HomZ(C,C
5)
(for the unsubtle reason that it maps to a tensor produt of 5 opies of C).
Of ourse, this wreaks havo with the group-ation of S5. It turns out that
this proedure makes sense only if Z in 6.2 is a diret sum of desuspensions
of omponents of R  equipped with a redened symmetri group-ation. In
the example above, we would use Σ−5R5 and index this as (2, 3) (expressing
that it really maps into HomZ(C, (Σ
−1C)2 ⊗ (Σ−1C)3). We drop the (now
meaningless) ation of S5 on Σ
−5R5 and replae it by an ation of S2 that
arries Σ−5R5 indexed as (2, 3) into another opy of Σ
−5R5 indexed as (3, 2).
We nally get Zn(R), whih, for every k, ontains β(k, n) opies of Σ
−kRk.
Here, β(k, n) is the number of partitions of k into n parts. This is equipped
with an Sn-ation.
3. We're not done however  even with our rst approximation. The boundary
map of FC is dierent from that of T (Σ−1C) (the tensor algebra). We solve
this by perturbing the natural dierential of Zn(R) (i.e., the one inherited
from R) via ompositions (using the operad struture of R) involving the
oprodut of C.
4. In phase 2, we use the duality theorem to get a map
B¯Zn(R)→ HomZ(FC,FC
n)
for all n > 1.
Proposition 6.1. Let
Z
0 //
⊕
|α|=1 C¯
α {f1,∗} //
⊕
|α|=2 C¯
α // · · ·
(6.3)
be the n-fold tensor produt of the mapping sequene that denes the obar on-
strution (see 5.8 and 5.11), where
1. C = Z⊕ C¯
2. α is a length-n sequene of nonnegative integers with |α| =
∑n
i=1 αi.
3. C¯α =
⊗n
i=1 C¯
αi = C¯|α| we distinguish terms orresponding to distint
length-n sequenes, α.
Form the indued mapping sequene by applying the funtor HomZ(C, ∗) to 6.3).
We may ll this mapping sequene out to a diagram⊕
|α|=iRα
gi

· · ·
{f¯i−1,∗}
// HomZ(C,
⊕
|α|=i C¯
α)
{f¯i,∗}
// · · ·
where:
1. f¯i,∗ = HomZ(1, fi,∗),
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2. Rα denotes R|α|, but we distinguish opies of R|α| with distint sequenes,
α adding up to the same |α|. Summation in
⊕
|α|=kRα is over all length-n
sequenes whose total is k.
3. all vertial maps are struture maps of C (as an m-oalgebra). The summand
Rα ⊂
⊕
|α|=kRα, with α = {α1, . . . , αn} maps to the summand C¯
α
in the
n-fold tensor produt of the mapping sequene for F(C).
Then, there exist maps (represented by dotted arrows) that make every square in
the diagram
· · ·
zi−1,∗
//
⊕
|α|=iRα
gi

zi,∗
// · · ·
· · ·
{f¯i−1,∗}
// HomZ(C,
⊕
|α|=i C¯
α)
{f¯i,∗}
// · · ·
ommute.
Proof. The only thing to be proved is that the maps f¯i,j pull bak to the upper
row as maps of the {Ri,j}. But this is an immediate onsequene of:
1. the denition of the f¯i,j as suitable ompositions (see 5.8 and 5.11),
2. the denition of the ation of R on C.
In fat, it is not hard to write down a formula for the zi,j :
zi,j = φi,j,1 + φi,j,2 + · · ·+ φi,j,n
with n terms, where
φi,j,k = (−1)
(k−1)n
i∑
α=1
(−1)α+1∆j+2 ◦α+(k−1)n ∗
The expression for φi,j,1 is learly a diret translation of the equation for fi,j
in 5.20 into ompositions in {Rn}. The term φi,j,k represents a translation of
1⊗ · · · ⊗ fi,j ⊗ · · · ⊗ 1︸ ︷︷ ︸
kth term
.
We have the parallel result (with a virtually idential proof):
Proposition 6.2. Let
⊕
|α|=0 C¯
α
′ 0 //
⊕
|α|=1 C¯
α
′ {v1,∗}
//
⊕
|α|=2 C¯
α
′
//
· · ·
(6.4)
be the n-fold tensor produt of the mapping sequene that denes C ⊗ℓ F(C) (see
5.24 and 5.11), where
1. C = Z⊕ C¯
2. α is a length-n sequene of nonnegative integers with |α| =
∑n
i=1 αi.
3. given α = {α1, . . . , αn}, α
′ = {α1 + 1, . . . , αn + 1}
4. C¯α
′
=
⊗n
i=1 C¯ ⊗ C¯
αi = C¯n ⊗ C¯|α| we distinguish terms orresponding to
distint length-n sequenes, α.
Form the indued mapping sequene by applying the funtor HomZ(C, ∗) to 6.4).
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We may ll this mapping sequene out to a diagram⊕
|α|=iRα′
gi

· · ·
{v¯i−1,∗}
// HomZ(C,C
n+1)
{v¯i,∗}
// · · ·
where v¯i,∗ = HomZ(1, vi,∗) and all vertial maps are struture maps of C (as an m-
oalgebra). Then, there exist maps (represented by dotted arrows) that make every
square in the diagram
· · ·
{yi−1,∗}
//
⊕
|α|=iRα′
g1

{yi,∗}
// · · ·
· · ·
{v¯i−1,∗}
// HomZ(C,C
n+1)
{v¯i,∗}
// · · ·
ommute.
Proof. In this ase, we translate the formula in 5.24 into ompositions in {Rn}:
yi,j = φi,j,1 + φi,j,2 + · · ·+ φi,j,n
with n terms, where
φi,0,k = t1,k ⊗ 1 + (−1)
n(k−1)
i∑
α=1
(−1)α∆2 ◦n(k−1)+α+1 ∗
for j = 0 and and, for j > 0
φi,j,k = (−1)
n(k−1)
i∑
α=1
(−1)α∆j+2 ◦n(k−1)+α+1 ∗
+tj+1,k ◦∆j+1◦n(k−1)+1
where t∗,k:Rmn → Rmn+1 represents the inlusion indued by raising all indies
The expression for φi,j,1 is learly a diret translation of the equation for fi,j
in 5.20 into ompositions in {Rn}. The term φi,j,k represents a translation of
1⊗ · · · ⊗ fi,j ⊗ · · · ⊗ 1︸ ︷︷ ︸
kth term
.
Although every square ommutes in diagrams 6.1 and 6.2, we annot a priori on-
lude that the upper rows of these diagrams are mapping sequenes. The following
result implies this:
Proposition 6.3. The upper rows of 6.1 and 6.2 are mapping sequenes in the
sense of 6.3.
Proof. We know the following two things about the upper rows of 6.1 and 6.2:
1. They are independent of C
2. The omposites of the maps {zi,j} and {yi,j}, respetively with the orre-
sponding vertial maps satisfy the dening identities (see 5.4) of a mapping
sequene (beause every square of the diagrams ommutes and beause the
lower rows are mapping sequenes).
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It sues, therefore, to nd a C for whih the vertial maps in diagrams 6.1 and 6.2
are injetive. But the existene of suh a C follows from 2.50 and Claim 5.22 (whih
implies that we an use the oalgebra given by 2.50 even though it is onentrated
in dimensions ≤ 0). This ompletes the proof.
Corollary 6.4. Given an m-oalgebra C over an A∞-operad, R, there exist hain-
omplex morphisms
• ιn:Z
′
n(R) = T→{
⊕
|α|=iRα, zi,j} → HomZ(C,F(C)
n)
• κn:Y
′
n(R) = T→{
⊕
|α|=iRα′ , yi,j} → HomZ(C, (C ⊗ℓ F(C))
n)
Proposition 6.5. The boundary maps of Z ′n(R) and Y
′
n(R) are given, respetively,
by:
∂Z |Σ
−|α|Rα =
|α|∑
i=1
∞∑
j=1
(−1)i+|α|j+ij ↓|α|+j−1 ◦(f(Dj) ◦i ∗)◦ ↑
|α|
(6.5)
and
∂Y |Σ
−|α|Rα′ =
|α|∑
i=1
∞∑
j=1
(−1)i+|α|j+ij ↓|α|+j−1 (f(Dj) ◦i+n ∗)◦ ↑
|α|
(6.6)
Given a sequene α = {α1, . . . , αn}, we will say that i lies inside the α(i)
th
-term of
α if i <
∑α(i)
s=1 αs and α(i) is the smallest value with this property. Then the image
of
↓|α|+j−1 ◦(f(Dj) ◦i ∗)◦ ↑
|α| (Σ−|α|Rα)
is dened to lie in
Σ−|α|+j−1R{α1,...,αα(i)+j−1,...,αn}
Remark 6.6. In the boundary map of HomZ(C, (Σ
−1C)N ) ⊂ HomZ(C,Fm(C)
n
),
all fators of (Σ−1C)N are on an equal footing. We only make distintions between
the various fators of F(C) that they represent when we deide where the image of
the boundary map lies.
Note that when |α| = 0, the boundary map of Y is idential to that of R.
We dene:
Denition 6.7. Let R = {Rn} be an A∞-operad and let Z
′
n(R) and Y
′(R) be as
dened in 6.4. Dene Zn(R) and Yn(R), respetively, to be the results of trunating
Z ′n(R) and Y
′
n(R) in dimension −1. In addition, we equip Zn(R) and Yn(R) with
a ZSn-ation dened as follows:
if a ∈ Σ−|α|Rα, σ ∈ Sn then σ · a = Parity(Tα1,...,αn(σ))Tα1,...,αn(σ) · a where
the produt on the right-hand side is taken in Σ−|α|R|α| and the target is regarded
as an element of Σ−|α|Rσ−1{α1,...,αn}. Here σ
−1{α1, . . . , αn} = {ασ(1), . . . , ασ(n)}
is the result of permuting the elements of α via σ−1. Note that we are dening the
ation of Sn to permute the summands of Zn(R), as well as twisting it by the parity
of the permutations. We dene a orresponding ation on Yn(R) by replaing the
sequene {α1, . . . , αn} by α
′ = {α1 + 1, . . . , αn + 1}.
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Proposition 6.8. Let R be an operad with two A∞-strutures
fi:A→ R
and with n-omponents that are ZSn-free for all n > 1. Then any equivalene
between f1 and f2 indues anonial isomorphisms of hain omplexes
Zn(R, ∂f1)→ Zn(R, ∂f2)
and
Yn(R, ∂f1)→ Yn(R, ∂f2)
Proof. We begin with an observation: Any A∞-struture on R indues one on
CoEnd(C). It follows that we an form Zn(CoEnd(C)) and Yn(CoEnd(C)) and
that there exist anonial morphisms
u:Zn(R)→ Zn(CoEnd(C))(6.7)
and
v:Yn(R)→ Yn(CoEnd(C))(6.8)
It is also not hard to see that these morphisms will be injetive if the m-struture
morphism of C is.
Claim 1: The morphisms
ιn:Z
′
n(CoEnd(C))→ HomZ(C,F(C)
n)
and
κn:Y
′
n(CoEnd(C))→ HomZ(C, (C ⊗ℓ F(C))
n)
are isomorphisms. This follows from the fat that the maps in stage of the or-
responding mapping telesopes are isomorphisms. We onlude that equivalent
A∞-strutures give rise to isomorphi Zn(CoEnd(C)) and Yn(CoEnd(C)).
Claim 2: The images of u and v in equations 6.7 and 6.8 are independent of the
A∞-struture sine they are indued by struture maps of C (whih only depend
on the m-struture of C).
Now we appeal to 2.50 to onlude the existene of a oalgebra, C, with injetive
struture morphism. Claim 5.22 implies that this oalgebra does not have to be
an m-oalgebra. In this ase, both Zn(R, ∂f1) and Zn(R, ∂f2) will have the same
image in Zn(CoEnd(C)). The orresponding statement holds for Yn(R, ∂f1) and
Yn(R, ∂f2).
Corollary 6.9. Let R be an E∞-operad. Then the hain omplexes
Zn(R),T(f))
Yn(R, ∂f )
are uniquely determined up to an isomorphism.
Proof. See 5.29 and 6.8.
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Corollary 6.10. If R is an operad with an A∞-struture with struture map
f :A→ R
and Ri is ZSi-free for all i, then (Zn(R), {tn(f(∆k))}) onstitutes an A∞-algebra
for all n > 1 where tn:R → End(Zn(R) is dened in A.7 in appendix A. In
addition, there exists a map
Yn(R, ∂f )⊗ Zn(R)⊗ · · · ⊗ Zn(R)→ Yn(R, ∂f )
for all n > 1 making Yn(R, ∂f ) a right A∞-module over Z(R).
Remark 6.11. Although appendix A gives the details of this A∞-struture, we will
summarize some salient features:
• If C is an m-oalgebra over R, its struture map sends this A∞-produt to
the natural A∞-algebra struture on HomZ(C, (FC)
n) dened by duality (see
2.22).
• On summands of Zn(R) (as dened in 6.7) it is a map
tn(f(∆k):Zβ1(R)⊗ · · ·Zβk(R)→ Zα(R)
where:
1. eah βi is a length-n sequene of nonnegative integers
2. α is a length-n sequene of integers equal to the elementwise sum of the
βi
• On summands of Zn(R) (as dened in 6.7) it is a map
tn(f(∆k):Yβ1(R)⊗ · · ·Zβk(R)→ Yα(R)
where:
1. eah βi is a length-n sequene of nonnegative integers
2. α is a length-n sequene of integers equal to the elementwise sum of the
βi
Proof. Our rst laim is proved in appendix A. Our seond laim follows by a
variation on the onstrution in A.7: we replae eah term of β1 by itself + 1 in
all the subsripts in diagram A.4 in appendix A. The onlusion follows from the
denition of the Yn(R, ∂f )  partiularly the fat that they were dened exatly
like the Zn(R, ∂f ) with a shift in indies.
Corollary 6.12. Let C be a oalgebra over the E∞-operad R. Then there exist
morphisms of ZSn-hain omplexes
h∗: B¯(Zn(R))→ HomZ(F(C),F(C)
n)(6.9)
and
g:Yn(R, ∂f )⋆ρn B¯(Zn(R))→ HomZ (C ⊗ℓ F(C), (C ⊗ℓ F(C))
n
)(6.10)
where ρn: B¯(Zn(R))→ Zn(R) is the anonial twisting ohain that makes
Zn(R, ∂f )⋆ρn B¯(Zn(R))
ayli and Yn(R, ∂f )⋆ρn B¯(Zn(R)) is the orresponding twisted tensor produt.
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Remark 6.13. We have written Yn(R, ∂f )⋆ρn B¯(Zn(R)) for the twisted tensor prod-
ut in this result beause it is of the form fiber × base rather than the usual
base× fiber.
If F is a DGA-algebra, the transposition map denes a anonial isomorphism
of hain-omplexes T :F⋆x,fC ∼= C
′ ⊗x F , where C
′
is the DGA oalgebra with
the same underlying hain-omplex as C, but whose oprodut ∆C′ = T ◦∆C and
∆C is the oprodut of C. Here is the twisted tensor produt formed with respet
to the oalgebra struture of C′ and the A∞-algebra struture of F .
Proof. The rst laim follows from 5.32. To prove the seond, let
h¯: B¯(Zn(R)) ⊗F(C)→ F(C)
n
be the adjoint of h∗ in 6.9 and let
κ¯n:Yn(R)⊗ C → (C ⊗ℓ F(C))
n
be the adjoint of κn dened in 6.4. We form the tensor produt
κ¯n ⊗ h¯:Yn(R)⊗ C ⊗ B¯(Zn(R))⊗F(C)→ (C ⊗ℓ F(C))
n ⊗F(C)n
Now we ompose this on the right with the map µn: (C ⊗ℓ F(C))
n ⊗ F(C)n →
(C ⊗ℓ F(C))
n
dening the ation of F(C)n on (C ⊗ℓ F(C))
n
and with 1 ⊗ T ⊗ 1
on the left to get a map
g∗:Yn(R)⊗ B¯(Zn(R))⊗ C ⊗F(C)→ (C ⊗ℓ F(C))
n
The tensor produts on the left are all untwisted, but a simple omputation shows
that the eets of replaing Yn(R) ⊗ B¯(Zn(R)) by Yn(R)⋆ρn B¯(Zn(R)) and C ⊗
F(C) by C ⊗ℓ F(C), respetively, exatly anel out (when mapped by v
∗
), giving
a map
g∗:Yn(R)⋆ρB¯(Zn(R))⊗ C ⊗ℓ F(C)→ (C ⊗ℓ F(C))
n
that is the adjoint of the map, v, that we want.
Our nal observation is that we an pull bak the omposition-operations of
HomZ(F(C),F(C)
n) to get an operad struture on B¯(Zn(CoEnd(C))) that makes
the map h∗, dened above, into a morphism of operads. For a detailed desription
of these omposition operations, see  B.
Proposition 6.14. Let R be an E∞-operad. Then the omposition operations de-
ned in B.1 make L′(R) = {B¯(Zn(R))} into an operad-oalgebra.
Proof. That L′(R) is an operad follows from the fat that L′(CoEnd(C)) is an
operad for any omodule over an E∞-operad (by the disussion preeding B.1) and
2.50 and 5.22. That these omposition operations ommute with the oprodut of
B¯(Zn(R)) follows from:
1. the denition of the oprodut
∆([r1| . . . |rk] =
k∑
i=0
[r1| . . . |ri]⊗ [ri+1| . . . |rk]
2. the fat that [s1| . . . |st] ◦i [r1| . . . |rk] = [r
′
1| . . . |r
′
k] (by B.1),
3. for eah term of ∆([r1| . . . |rk] only a single term of ∆[s1| . . . |st] will have a
nonzero omposition with it. This follows from the fat that [s1| . . . |st] ◦i
[r1| . . . |rk] = 0 unless t =
∑k
z=1 βi,z (in B.1).
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We will onlude this setion by deriving a variation on L(R) that is E∞-whenever
R is an E∞-operad. We begin by observing
Proposition 6.15. If R is an E∞-operad, then there exist twisting ohains
cn: RSn → Zn(R)
for all n > 0. These are formed with respet to the A∞-struture dened in A.7.
Proof. This is a straightforward onsequene of the fat that the Zn(R) are ayli
in above dimension −1 if R is E∞. We an use the identity that a twisting ohain
must satisfy  4.10  to ompute cn indutively. We set cn =
⊕
zα, where
α = {α1, . . . , αn} is a sequene of nonnegative integers and the diret sum is taken
over all suh sequenes.
We begin the indution by requiring that zα: RS1 → Σ
−1R1 sends 1 ∈ RS1 to
Σ−11 whenever α is a sequene with a single nonzero element equal to 1. The
identity for a twisting ohain allows us to extend this to anonial basis elements
of RSn in higher dimensions and we extend it to all of RSn by setting
zα(σ · a) = parity(σ)Tα1,...,αn(σ)zσ−1(α)(a)
In [20℄, I developed software for omputing the {zα}. In the present paper, our
main interest in them will be:
Corollary 6.16. If R is an E∞-operad, then for all n > 0 there exist oalgebra
morphisms
B¯(cn): RSn → B¯(Zn(R))
induing morphisms
H0(RSn) = Z→ H0(B¯(Zn(R)))
The pullbak of these morphisms over the projetion B¯(Zn(R)) → H0(B¯(Zn(R)))
is an E∞-operad oalgebra, Ln(R), with the property that F(C) is an m-oalgebra
over L(R) if C is an m-oalgebra over R.
The twisting ohain ρ: B¯(Zn(R)) → Yn(R) restrits to a twisting ohain
ρn:Ln(R) → Yn(R) suh that the twisted tensor produt Yn(R)⋆ρnLn(R) is
ayli in positive dimensions.
The omposite inlusion
Rn ⊂ Yn(R) ⊂ Yn(R)⋆ρnLn(R)
indues a map
H0(RSn) = Z→ H0(Yn(R)⋆ρnLn(R))
The pullbak of these maps over the projetion
Yn(R)⋆ρnLn(R)→ H0(Yn(R)⋆ρnLn(R))
is an E∞-operad, J(R) = {Jn(R)} suh that C ⊗λ FC is a oalgebra over it.
Remark 6.17. We view H0(RSn) = Z as an operad onentrated in dimension 0.
The maps B¯(cn): RSn → B¯(Zn(R)) are useful for performing expliit omputa-
tions of ohomology operations on the obar onstrution.
Proof. To onlude that the pullbaks an be taken, we invoke 2.27.
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Corollary 6.18. The funtor, F(∗), that maps an m-oalgebra C over an E∞-
operad R to F(C) over the E∞-operad oalgebra, L(R), denes a funtor
F(∗):M→ H
Proof. We must show that it maps equivalent objets to equivalent objets. It is
easy to see that F(∗) maps split injetions (of C) into multipliative split injetions
(of F(C)) and a simple spetral sequene argument shows that maps indued by
homology equivalenes are homology equivalenes.
As one might expet:
Proposition 6.19. Let C be an m-oalgebra over an E∞-operad R. Then there
exists a morphism of operads
J(R)→ R
supporting a morphism in M0:
C ⊗ℓ F(C)→ C
Remark 6.20. Note that there is always a anonial morphism of operads
J(R)→ L(R)
dened by projetion to the base. It is ompatible with the inlusion of the ber in
FC → C ⊗λ FC
The map in the present result is projetion to (a suboperad of) the ber of the
twisted tensor produt, and only exists beause of peuliarities in the twisted dif-
ferential of Yn(R)⋆ρnLn(R) due to the ation of Zn(R) on Yn(R).
On the other hand, beause J(R) is not really a twisted tensor produt
but only a suboperad of one (namely the pullbak over an inlusion of Z in
H0(Yn(R)⋆ρnLn(R))), one annot onlude that there exists an inlusion of the
ber
R→ J(R)
 this fails in dimension 0.
Proof. Let α = {α1, . . . , αn} be a sequene of nonnegative integers and let Uα =
Σ−|α|Rn+|α| ⊂ Yn(R) be a diret summand (see 6.6). Note that Yn(R)⋆ρnLn(R) ⊃
J(R)n ontains a summand
S = U{0,...,0}⋆ρnLn(R)
where U{0,...,0} = Σ
−0Rn = Rn. Proposition B.8 implies that the omposition
operations of U{0,...,0} oinide with those of R. Sine the twisted dierential of S
onsists of terms
U{α1,...,αn}⋆ρnLn(R)
with at least one of the αi > 0 (see 6.10 and A.7), it follows that we an projet
S to U{0,...,0} = Rn  despite the fat that it is in the ber of the twisted tensor
produt. An examination of the omposition-operations in Yn(R)⋆ρnLn(R) shows
that this projetion is ompatible with ompositions beause, restrited to S ⊂
Yn(R)⋆ρnLn(R), they are a perturbation of the ompositions of R  and the
perturbations lie in summands
U{α1,...,αn}⋆ρnLn(R)
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with at least one of the αi > 0.
This projetion indues the map in the onlusion. The projetion
C ⊗λ FC → C
is learly ompatible with this morphism of E∞-operads beause the ation of
Ln(R) gets killed o.
Lemma 6.21. (Lifting lemma) Let A, B, and C be m-oalgebras over the operad
R and suppose there exists maps in the ategory M0
A
f
// B
g
// C
suh that g ◦ f = 0 in positive dimensions. Compose the struture map of A with
the projetion
z: J(R)→ R
so that A beomes an m-oalgebra over J(R). Then the map a 7→ f(a) ⊗ 1 ∈
B ⊗α◦g FC0 ⊂ B ⊗α◦g FC, for all a ∈ A, denes a morphism in M0
f ′:A→ B ⊗α◦g FC = (B ⊗α FB)⊗FB FC
Remark 6.22. The qualier in positive dimensions was neessary for our state-
ment that g ◦ f = 0: All morphism in M0 indue isomorphisms in dimension 0
(whih, for any m-oalgebra is equal to Z.
First, note that the map f ′ is a hain-map. This follows from the fat that the
twisting ohain, α ◦ g:B → C vanishes on im f ⊂ B. So the main thing to be
proved is that it preserves m-strutures.
Let the struture maps of A and B ⊗α◦g FC be
a:R → CoEnd(A)
d: J(R) → CoEnd(B ⊗α◦g FC)
As in the proof of 6.19, let α = {α1, . . . , αn} be a sequene of nonnegative
integers and let Uα = Σ
−|α|Rn+|α| ⊂ Yn(R) be a diret summand (see 6.6). Now
reall the denition of the ation of Uα = Σ
−|α|Rn+|α| on B ⊗ 1 ⊂ B ⊗α FB in
6.2: the summand U{0,...,0} = Rn ats on B ⊗ 1 in exatly the same manner as Rn
ats on B. Consequently, the fat that f :A→ B is a morphism in R0 implies that
the ation of Y0 on im f
′
is ompatible with the ation of R on A. It follows that
it will sue to show that the kernel of
z: J(R)→ R
ats trivially on B ⊗α◦g FC, at least when restrited to im f
′
 or
d(ker z)(im f ′) = 0
In the notation of 6.2, ker z onsists of
1. Yn(R)⊗ Ln(R)
+
, where Ln(R)
+
denotes anything above dimension 0.
Our onlusion in this ase follows simply by the denition of the m-
struture of B ⊗α FB sine the image of f
′
onsists of elements of the form
e⊗ 1 ∈ B ⊗α FB and the ation of Ln(R)
+
on 1 ∈ FB is trivial.
2. the summands
Uα ⊗ L(R)0 ⊂ Y (R)⊗ρ L(R)
with |α| > 0.
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In this ase, our onlusion follows from the fat that we are really interested in the
m-struture of (B ⊗α FB) ⊗FB FC  and the ation of im f
′
on FC gets killed
o by the map FB → FC.
This ompletes the proof.
7. Fibrations in M
In this setion we will onsider an analogue to brations in the loalized ategory
M. We will be partiularly onerned with the homotopy ber of a morphism.
We begin by dening the homotopy ber of a morphism:
Denition 7.1. Let m = A
f
// Z B
ιoo
be a morphism in M from A to B
in anonial form (see 3.18), where f is a morphism in M0 and ι is an elementary
equivalene in M0. Then we dene the homotopy ber of m to be
F (m) = A⊗α◦f FZ = (A⊗α FA)⊗FA FZ
This omes equipped with a anonial projetion
p:F (m)→ A
Remark 7.2. Note that we only get a twisted tensor produt with an objet equiv-
alent to B in M  not B itself. This is due to the fat that there may not even
exist a twisting ohain
A→ FB
The point is that, a priori, twisted tensor produts are only dened for morphisms
in M0  whih are atual maps.
Proposition 7.3. Under the hypotheses of 7.1, the homotopy ber of a morphism
in M is well-dened.
Proof. There are several ases to onsider:
1. Replae A by A′ equivalent to it
A′
j1
// Z ′ A
j2
oo
where j1 and j2 are both elementary equivalenes. If we ombine this equiv-
alene with the morphism above, we get
A′
j1 // Z ′ A
j2oo
f
// Z B
ιoo
and we put this into anonial form (see 3.18) by taking the push out
T
A′
j1 // Z ′
v1
>>
A
j2oo
f
// Z
v2
__
B
ιoo
where j2 and v2 are elementary equivalenes in M0. The ommutative square
in the enter implies that
Z ′ ⊗α◦v1 T
∼= A⊗α◦f Z
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and the fat that j1 is an elementary equivalene implies that
A′ ⊗α◦v1◦j1 T
∼= A⊗α◦f Z
as objets in M.
2. Now we onsider the ase where B is replaed by an equivalent B′
B
i1 // Z ′ B′
i2oo
gives the ombined diagram
A
f
// Z B
ιoo
i1 // Z ′ B′
i2oo
where i1 and i2 are elementary equivalenes in M0. We anonialize this
diagram by taking the push out
S
A
f
// Z
u1
??
B
ιoo
i1 // Z ′
u2
``
B′
i2oo
where all four maps in the enter square are elementary equivalenes. It is
easy to see that
A⊗α◦g FZ ∼= A⊗α◦u1◦f S
whih proves our laim
3. The nal ase to be onsidered is that of replaing our original morphism
A
f
// Z B
ιoo
one equivalent to it in the loalized ategoryM. By 3.21, it sues to onsider
an arbitrary elementary homotopy (3.20). This will t into a diagram
Z
v

A
f 88rrrrrr
f ′ %%
LLL
LLL
B
ι
ffLLLLLL
ι′xxrr
rrr
r
Z ′
where ι and ι′ are both elementary equivalenes and the morphism v may go
up or down (without loss of generality, we assume it points down). We laim
that the morphism v must be a homology equivalene. This follows from the
fat that ι and ι′ are elementary equivalenes (hene homology equivalenes).
It is not hard to see that v indues a morphism in M0 that is a homology
equivalene
1⊗ v:A⊗α◦f FZ → A⊗α◦f ′ FZ
′
Now orollary 3.28 implies that
A⊗α◦f FZ ∼= A⊗α◦f ′ FZ
′
as objets in M.
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Theorem 7.4. Let
A
f
//
u

B
v

C g
// D
(7.1)
be a ommutative square of morphisms in M. Then there exists an indued morph-
ism
s:F (u)→ F (v)
that makes
F (u)
s //

F (v)

A
f
// B
(7.2)
ommute, where the vertial maps are anonial projetions. If the horizontal mor-
phisms in 7.1 are equivalenes, then so is s.
Remark 7.5. Note that the morphisms in 7.1 are only morphisms in the loalized
ategory, M  and the square only ommutes in this ategory. If we replae the
morphisms by underlying hain-maps, the square only ommutes up to a hain-
homotopy.
Proof. First replae 7.1 by anonial representations in terms of morphisms in the
nonloalized ategory M0. We get the somewhat gory diagram
A
f
//
u

Z1 B
i1oo
v

T1 T2
C
j1
OO
g
// Z2 Di2
oo
j2
OO
where
1. all maps are morphisms in M0.
2. the maps i1, i2, j1, and j2 are elementary equivalenes in M0.
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In order to put the omposites v ◦ f and g ◦ u into anonial form (to make use of
the diagram's ommutativity) we add the push outs
A
f
//
u

Z1
d2

B
i1oo
v

R2 T2
e2oo
T1
d1
// R1
C
j1
OO
g
// Z2
e1
OO
D
i2
oo
j2
OO
where e1 and e2 are elementary equivalenes.
The homotopy ber of v ◦ f is A⊗α◦d2◦f FR2 and the homotopy ber of g ◦ u is
A ⊗α◦d1◦u FR1. The ommutativity of the original diagram 7.1 (as morphisms in
M) implies (by 7.3) that these homotopy bers are equal in M. Choose a spei
equivalene
1⊗ k:A⊗α◦d1◦u FR1 → A⊗α◦d2◦f FR1
The morphism
s:F (u)→ F (v)
is the omposite
A⊗α◦u FT1
1⊗d1 // A⊗α◦d1◦u FR1
1⊗k
// A⊗α◦d2◦f FR2
f⊗1
// Z1 ⊗α◦d2 FR2
B ⊗α◦v FT2
i1⊗e2
OO
where
1. the single vertial map, i1 ⊗ e2, is always an elementary equivalene in M0
2. all other maps, exept for k, are morphisms in M0
3. k is an equivalene in the loalized ategory M
This learly denes a morphism in the loalized ategory, M that makes 7.2. If the
horizontal morphisms in our original diagram, 7.1, were equivalenes, then d1 and
f will be equivalenes, and so will our morphism s:F (u)→ F (v).
8. Geometriity
8.1. Denitions. Sine we are working with simpliial sets, it will be neessary to
reall some basi onstruts.
Denition 8.1. Let B and F be simpliial sets and let A be a simpliial group
ating on F . Let ξ:Bn → Fn−1 be a twisting funtion satisfying the identities:
ξ(Fnb) · Fn−1ξ(b) = ξ(Fn−1b); ξ(Dnb) = the unit of An if b ∈ Bn. We dene
B ×ξ F , as follows:
1. as a simpliial set it is the artesian produt B × F ;
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2. The fae operators are given by Fi(b, f) = (Fib, Fif), 0 < i, where b ∈ Bn,
f ∈ Fn;
3. F0(b, f) = (F0b, ξ(b) · F0f);
4. the degeneray operators are dened as in the artesian produt.
Remark 8.2. Twisted artesian produts are brations in the ontext of simpliial
sets  see [10℄.
Next, we reall a familiar simpliial denition of the loop spae
Denition 8.3. Let X be a pointed, simply-onneted, 2-redued simpliial set.
The Kan loop-group funtor of X is a simpliial group ΩX dened as follows:
ΩXn is the free group generated by the simplies of Xn+1 subjet to the relation
DΩX0 x = 1 for any x ∈ Xn+1
1. FΩX0 x = (F
X
0 x)
−1(FX1 x) for x ∈ Xn+1.
2. FΩXi x = F
X
i+1x for x ∈ Xn+1 and i > 0.
3. DΩXi x = D
X
i+1x for x ∈ Xn+1 and i ≥ 0.
In [12℄, Kan proved that the geometri realization of ΩX is homotopy equivalent
to the loop spae of X .
Denition 8.4. Let η:X → ΩX be the twisting funtion that sends x ∈ Xn to
x ∈ ΩXn−1. It is not hard to see that the twisted Cartesian produt X ×η ΩX is
ontratible. This is alled the anonial ayli twisted Cartesian produt of X .
8.2. Homotopy bers. Now we will show that the m-struture on the obar on-
strution (omputed in  6) is geometrially valid, in the that it is equivalent to the
natural m-struture on the loop spae. This result simplies (and orrets) a proof
given in [20℄. In in more generality, we will ompute m-strutures on the homotopy
bers of maps.
Let
g:X → Y
be a map of pointed, simply-onneted, 2-redued simpliial sets. The homotopy
ber of this map is dened to be
F (g) = X ×η◦g ΩY
We an form the twisted Cartesian produt of F (g) with Y  we use the anonial
ontratible twisting funtion sending Y to pt × ΩY (where pt is the basepoint of
X). It has the property that there exists a map
c:X → Y ×η′ (X ×η◦g ΩY )(8.1)
with the following properties:
1. The map c is a homotopy equivalene
2. The diagram
Y ×η′ (X ×η◦g ΩY )
p

X g
//
c
77oooooooooooo
Y
ommutes, where
p:Y ×η′ (X ×η◦g ΩY )→ Y
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is the projetion of the bration.
Theorem 8.5. Let
g:X → Y
be a map of pointed, simply-onneted, 2-redued simpliial sets and let
f : J(S)→ S
be the operad morphism desribed in 6.19. Now regard C(X ×g◦η ΩY ) as an m-
oalgebra over the operad J(S) via omposition with the map f . In addition, regard
FC(X) as an m-oalgebra over J(S) via projetion to the base
J(R)→ L(R)
so that we an set
C(X)⊗α◦C(g) FC(Y ) = C(X)⊗α FC(X)⊗FC(X) FC(Y )
making the left hand side an m-oalgebra over J(R). Then there exists an m-
oalgebra, V (g), over J(R) that is funtorial with respet to mappings, and natural
elementary equivalenes
C(X ×g◦η ΩY )→ V (g)← C(X)⊗α◦C(g) FC(Y )
Consequently, C(X)⊗α◦C(g) FC(Y ) is equal to the homotopy ber in M.
Proof. Let
ι:X ×g◦η ΩY → Y ×η′ (X ×g◦η ΩY )(8.2)
be inlusion of the ber and onsider the ommutative diagram of spaes
X
c //
g

Y ×η′ (X ×η◦g ΩY )
p

Y Y
where:
1. both rows are homotopy equivalenes
2. c is the map in 8.1
3. p:Y ×η′ (X ×g◦η ΩY )→ Y is the projetion of the bration to its base
This gives a ommutative diagram of m-oalgebras, where all maps are dened in
the ategory M0 and the horizontal maps are homology equivalenes:
C(X)
C(c)
//
C(g)

C(Y ×η′ (X ×η◦g ΩY ))
C(p)

C(Y ) C(Y )
Now we take anonial ayli twisted tensor produts the opies of Y in the lower
row by FC(Y ) and pull them bak to the upper row to get a ommutative diagram
C(X)⊗α◦g FC(Y )
C(c)⊗1
//
C(g)⊗1

C(Y ×η′ (X ×η◦g ΩY ))⊗α◦p FC(Y )
C(p)⊗1

C(Y )⊗α FC(Y ) C(Y )⊗α FC(Y )
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where all maps are morphisms in M0. As before, both rows are homology equiva-
lenes. We will mainly be interested in the upper row.
Sine the twisting ohain α ◦ p vanishes on the image of
C(ι):C(X ×η◦g ΩY )→ C(Y ×η′ (X ×η◦g ΩY ))
(inlusion of the ber), it follows that C(ι) gives rise to a hain-map
z:C(X ×η◦g ΩY )→ C(Y ×η′ (X ×η◦g ΩY ))⊗α◦p FC(Y )
sending x ∈ C(X ×η◦g ΩY ) to
C(ι)(x) ⊗ 1 ∈ C(Y ×η′ (X ×η◦g ΩY ))⊗α◦p FC(Y )
The lifting lemma (6.21) implies that z is a morphism in M0, i.e., it preserves
m-strutures exatly.
Claim. The map z is a homology equivalene.
There are several ways to see this. Sine we have established that z preserves
m-strutures, we an forget about them and onvert C(Y ×η′ (X ×η◦g ΩY )) into
multiple twisted tensor produts, using the twisted Eilenberg-Zilber theorem in [9℄.
This will give a ommutative diagram of hain-maps (not preserving m-strutures)
C(X ×η◦g ΩY )
z //
r◦z
++VVV
VVVV
VVVV
VVVV
VVV
C(Y ×η′ (X ×η◦g ΩY ))⊗α◦p FC(Y )
r

(C(Y ⊗η′′ C(X ×η◦g ΩY ))⊗α◦p FC(Y )
and noting that we an rearrange the twisted tensor produts on the bottom term
to get
C(Y )⊗α FC(Y )⊗η′′ C(X ×η◦g ΩY )
and noting that this is a twisted tensor produt over an ayli base, so that inlu-
sion of the ber (whih r ◦ z is) indues homology isomorphisms.
We an immediately onlude that our m-struture on the obar onstrution is
geometrially valid:
Corollary 8.6. Let X be a pointed, simply-onneted, 2-redued simpliial set and
let
f : J(S)→ S
be the operad morphism desribed in 6.19. Now regard C(ΩX) as an m-oalgebra
over J(S) via omposition of its struture map with f . In addition, regard FC(X)
as an m-oalgebra over J(S) via projetion to the base
J(R)→ L(R)
Then C(ΩX) and FC(X) are equivalent objets in M, via natural elementary equiv-
alenes
C(ΩX)→ G(X)← FC(X)
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Remark 8.7. The underlying map of this equivalene is very omplex but it and
G(X) are natural with respet to simpliial maps.
Besides being muh more lengthy than the present proof, the proof of this result
given in [20℄ is inorret. It relied on forming the bar onstrution of C(G) where
G is a simpliial group. Unfortunately, the produt operation of C(G) does not
preserve m-strutures (beause it inorporates Eilenberg-Zilber maps) so that the
bar onstrution has no well-dened m-struture.
Proof. This follows from 8.5 by making X equal the basepoint of Y .
9. An equivalene of ategories
9.1. Cellular m-oalgebras.
Denition 9.1. Let C be an m-oalgebra with struture map
f :U → CoEnd(C)
where U is some E∞-operad. Then C will be alled stritly ellular if there exist
morphisms of E∞-operads:
gk:U → S
making Sk,nk an m-oalgebra over U , where Sk,nk is the anonial m-oalgebra
of the singular omplex of a wedge of spheres (see 4.2 on page 30 of [20℄) and
isomorphisms of m-oalgebras
fk:Sk,nk = C(∆(
(
nk∨
i=1
Sk−1
)
))→ C(k − 1)
suh that
C(k) = C(∆(
(
nk∨
i=1
Dk
)
))
⋃
fk
C(k − 1)
for all k ≥ 0, where ∆(∗) is the singular omplex funtor. Here, C(k) denotes the
k-skeleton of C and the Dk are disks whose boundaries are the Sk−1.
We dene the union over f , in this ase, to be the push out of the diagram
Sk,nk
fk //
ik

C(k − 1)
∨nk
i=1D
k
We will all an m-oalgebra ellular if it is equivalent (in M) to a stritly ellular
m-oalgebra.
Remark 9.2. Note that ellularity requires the m-struture of an m-oalgebra to be
an iterated extension of m-strutures of spheres.
Clearly, the anonial m-oalgebra of any CW-omplex is ellular. The onverse
also turns out to be true  see 9.8.
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9.2. Morphisms.
Lemma 9.3. In this setion, we will prove the main results involving the topologial
realization of m-oalgebras and morphisms.
Let X and Y be pointed, simply onneted, 2-redued simpliial sets, and let
f : |X | → |Y |
be a map of topologial realizations. Then f indues a morphism
C(f):C(X)→ C(Y )
in M. Homotopi maps of the topologial realizations indue the same morphism.
Remark 9.4. Let iX :C(X)→ C(∆˙(X)) and iY :C(Y )→ C(∆˙(Y )) be the elementary
equivalenes dened in 3.29. Now dene
C(f) = C(X)
C(∆˙(f))◦iX
// C(∆˙(Y )) C(Y )
iYoo
Proof. This follows immediately from the equivalene of homotopy theories of
pointed, 2-redued, simpliial sets and pointed simply onneted spaes  by
the adjoint funtors ∆˙(∗) (2-redued singular omplex) and | ∗ | (topologial
realization). See [16℄ for details.
We begin with a proof that equivalenes of topologially realizable m-oalgebras
are topologially realizable.
Theorem 9.5. Let X1 and X2 be pointed, simply-onneted, 2-redued simpliial
sets, with assoiated anonial m-oalgebras, C(Xi), i = 1, 2.
In addition, suppose there exists an equivalene of m-oalgebras
f :C(X1)→ C(X2)
in the loalized ategory, M
Then there exists a map of topologial realizations
fˆ : |X1| → |X2|
making:
C(X1)
f
//

C(X2)

C(∆˙(X1))
fˆ
// C(∆˙(X2))
(9.1)
ommute in M, where ∆˙(∗) is the 2-redued singular omplex and the downward
maps are indued by the inlusions. Consequently, any equivalene in M of topo-
logially realizable m-oalgebras is topologially realizable.
Remark 9.6. We work in the simpliial ategory beause the funtors C(∗) were
originally dened over it.
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Proof. The hypothesis implies that the hain-omplexes are hain-homotopy equiv-
alent, hene that the Xi, i = 1, 2, have the same homology. This implies that the
lowest-dimensional nonvanishing homology groups  say M in dimension k  are
isomorphi. We get a diagram of morphisms in M0
C(X1)
f
//
C(c1)

Z C(X2)
ιoo
C(c2)

C(K(M,k)) =
// C(K(M,k))
(9.2)
Where
1. The maps {C(ci)}, i = 1, 2, are indued by geometri lassifying maps;
2. horizontal maps are equivalenes in M;
Claim. Without loss of generality, we may assume that this diagram ommutes
in the loalized ategory, M. Note that, on the hain-level, this means that the
diagram is only homotopy-ommutative.
This laim follows from:
1. we an make the diagram ommute exatly if we replae X1 and X2 by the
assoiated , 2-redued singular simpliial sets, ∆˙(Xi). This is beause the
obstrution to altering the maps C(ci) vanishes above dimension k.
2. C(∗) of the singular omplexes is anonially equivalent, in M, to C(∗) of the
originals simpliial sets, by 3.29.
Theorem 7.4 implies that there exists an equivalene in M
fˆ :C(X1)⊗α◦C(g1) FC(K(M,k))→ C(X2)⊗α◦C(g1) FC(K(M,k))
suh that the following diagram ommutes:
C(X1)⊗α◦C(g1) FC(K(M,k))
fˆ
//
1⊗ǫ

C(X2)⊗α◦C(g1) FC(K(M,k))
1⊗ǫ

C(X1)
f
// C(X2)
(9.3)
Now, theorem 8.5 implies equivalenes in M
C(Xi ×αˆ◦gi ΩK(M,k))→ C(Xi)⊗α◦C(gi) FC(K(M,k))
for i = 1, 2
We onlude that there is an equivalene
Fˆ :C(X1 ×αˆ◦g1 ΩK(M,k))→ C(X2 ×αˆ◦g2 ΩK(M,k))
where Ω(∗) denotes the loop spae funtor and αˆ:K(M,k) → ΩK(M,k) is the
anonial twisting funtion (dening a bration as twisted Cartesian produt 
see [10℄).
In addition, the ommutativity of 9.3 implies that
f∗(µ2) = µ1 ∈ H
k+1(X1,M)
where µ1 and µ2 are the k-invariants of the brations X1 ×αˆ◦g1 ΩK(M,k) and
X2 ×αˆ◦g2 ΩK(M,k), respetively.
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Sine the Xi ×αˆ◦gi ΩK(M,k) are homotopy bers of the gi maps for i = 1, 2,
respetively, we onlude that the seond stage of the Postnikov towers of X1 and
X2 are equivalent.
A straightforward indution implies that all nite stages of the Postnikov tower
of X1 are equivalent to orresponding nite stages of the Postnikov tower of X2.
We ultimately get the following ommutative diagram in M:
C(P1) //
C(p1)

C(P2)
C(p2)

C(X1)
f
// C(X2)
(9.4)
Passing to topologial realizations gives us a homotopy ommutative diagram of
spaes
|P1| //
p1

|P2|
p2

|X1|
f ′
// |X2|
(9.5)
where:
1. the Pi are the Postnikov towers
2. pi:Pi → Xi are the anonial projetions (homotopy equivalenes)
3. f ′: |X1| → |X2| is a map inserted into the diagram to make it homotopy-
ommutative.
By lemma 9.3, diagram 9.5 indues a diagram that ommutes in M:
C(∆˙(P1)) //
C(∆˙(p1))

C(∆˙(P2))
C(∆˙)(p2))

C(∆˙(X1))
C(∆˙(f ′))
// C(∆˙(X2))
(9.6)
Combining diagram 9.4 with 9.6 (and invoking 9.3) give the following ommu-
tative diagram in M
C(X1)
f
//
i1

C(X2))
i2

C(∆˙(X1))
C(∆˙(f ′))
// C(∆˙(X2))
(9.7)
where ij :C(Xj) → C(∆˙(Xj)), j = 1, 2 are the elementary equivalenes indued by
the anonial inlusions. This proves the result.
Next, we prove that arbitrary morphisms in M are topologially realizable.
Theorem 9.7. Let X1 and X2 be pointed, simply-onneted, loally-nite,
semisimpliial sets omplexes, with assoiated anonial m-oalgebras, C(Xi),
i = 1, 2.
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In addition, suppose there exists a morphism in the ategory M (see 3.10):
f :C(X1)→ C(X2)
Then there exists a map of topologial realizations
fˆ : |X1| → |X2|
making
C(X1)
f
//

C(X2)

C(∆˙(X1))
fˆ
// C(∆˙(X2))
(9.8)
ommute in M, where ∆˙(∗) is the 2-redued singular omplex and the downward
maps are indued by the inlusions.
Consequently, any morphism of m-oalgebras is topologially realizable up to
equivalene in M.
Proof. We prove this result by an indutive argument somewhat dierent from that
used in theorem 9.5.
We build a sequene of brations
Fi
pi

X2
over X2 in suh a way that
1. the morphism f :C(X1) → C(X2) lifts to C(Fi)  i.e., we have ommutative
diagrams
C(Fi)
C(pi)

C(X1)
f
//
fi
::vvvvvvvvv
C(X2)
For all i > 0, Fi will be a bration over Fi−1 with ber a suitable Eilenberg-
MaLane spae.
2. The map fi is i-onneted in homology.
If the morphism f were geometri, we would be building its Postnikov tower.
Assuming that this indutive proedure an be arried out, we note that it forms
a onvergent sequene of brations (see [21℄, hapter 8,  3). This implies that we
may pass to the inverse limit and get a ommutative diagram
C(F∞)
C(p∞)

C(X1)
f
//
f∞
::uuuuuuuuu
C(X2)
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where f˜∞ is a morphism of m-oalgebras that is a homology equivalene. Now
Lemma 3.40 implies that f∞ is an equivalene of m-oalgebras, and 9.5 implies
that it is topologially realizable.
It follows that we get a (geometri) map
f¯∞:X1 → F∞
and the omposite of this with the projetion p∞:F∞ → X2 is a topologial real-
ization of the original map f :C(X1) → C(X2). The ommutativity of diagram 9.8
follows from that of 9.1.
It only remains to verify the indutive step:
Suppose we are in the kth iteration of this indutive proedure. Then the map-
ping one, A(f) is ayli below dimension k. Suppose that Hk(A(fk)) =M . Then
we get a long exat sequene in ohomology:
(9.9) . . .→ Hk+1(X1,M)→ H
k(A(fk),M) = HomZ(M,M)
→ Hk(Fk,M)→ H
k(X1,M)→ 0
Let µ ∈ Hk(Fk,M) be the image of 1M ∈ H
k(A(fk),M) = HomZ(M,M) and
onsider the map
hµ:X2 → K(M,k)
lassied by µ. We pull bak the ontratible bration
K(M,k)×α¯ ΩK(M,k)
over hµ (or form the homotopy ber of hµ) to get a bration
Fk+1 = Fk ×α¯◦hµ ΩK(M,k)
where, as before, Ω(∗) represents the loop spae.
Claim: The morphism fk lifts to a morphism fk+1:C(X1)→ C(Fk+1) in suh a
way that the following diagram ommutes:
C(X1)
fk+1
//
fk %%J
JJ
JJ
JJ
JJ
C(Fk+1)
p

C(Fk)
where p′k+1:Fk+1 → Fk is that bration's projetion map.
Proof of Claim: We begin by theorem 8.5 to onlude the existene of a
ommutative diagram:
C(Fk ×α¯◦hµ ΩK(M,k))
e //
p′k+1
**VVV
VVVV
VVVV
VVVV
VVVV
V
C(Fk)⊗α¯◦hµ FC(K(M,k))
1⊗ǫ

C(Fk)
(9.10)
where e is an m-oalgebra equivalene.
If we pull bak this twisted tensor produt over the map fk, we get a trivial
twisted tensor produt (i.e., an untwisted tensor produt), beause the image of
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f∗(µ) = 0 ∈ Hk(X1,M), by the exatness of 9.9. The Lifting Lemma (6.21)
implies the existene of a morphism
(9.11) C(X1)→ C(X1)⊗ 1 ⊂ C(X1)⊗FC(K(M,k))
→ C(Fk)⊗α¯◦hµ FC(K(M,k))
The omposition of this map with e in 9.10 is the required map
C(X1)→ C(Fk+1)
To see that Hk(A(fk+1)) = 0, note that:
1. µ ∈ Hk(Fk,M) = H
k(C(Fk),M) is the pullbak of the lass in H
k(A(fk),M)
induing a homology isomorphism
µ:Hk(A(fk))→ Hk(K(M,k))
(by abuse of notation, we identify µ with a ohain) or
µ:Hk(A(fk))→ Hk(C(K(M,k)))
2. in the stable range, C(Fk) ⊗α¯◦hµ FC(K(M,k)) is nothing but the algebrai
mapping one of the hain-map, µ, above. But the algebrai mapping one
of µ learly has vanishing homology in dimension k sine µ indues homology
isomorphisms.
The onlusion follows by obstrution theory.
Corollary 9.8. An m-oalgebra is topologially realizable if and only if it is ellular
(see 9.1).
Remark 9.9. Clearly, topologially realizable m-oalgebras are ellular.
Now we ombine the results above with 3.31 to onlude:
Theorem 9.10. The funtor
C(∗): Homotop
0
→M+
denes an equivalene of ategories and homotopy theories (in the sense of
[16℄), where Homotop
0
is the homotopy ategory of pointed, simply-onneted
CW-omplexes and ontinuous maps and M+ ⊂ M is the subategory of
topologially realizable m-oalgebras.
Remark 9.11. Reall that, in [16℄, Quillen dened a homotopy theory to a homo-
topy ategory augmented with a loop-spae and suspension funtor. These addi-
tional strutures are neessary to arry out many of the standard onstrutions in
homotopy theory.
Proof. We have already proved most of this. The statement that it denes an
equivalene of homotopy theories follows from the fat that it arries suspensions
of CW-omplexes to suspensions of m-oalgebras and loop-spaes to the obar on-
strution.
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Corollary 9.12. The restrition of the anonial funtor
f:L→M
to topologially realizable objets of L is full and faithful. Consequently, the funtor
C(∗): Homotop
0
→ L+
is an equivalene of ategories, where L+ ⊂ L is the subategory of topologially
realizable m-oalgebras over S.
Remark 9.13. This result implies that the ategory L enapsulates homotopy the-
ory to the same extent as the ategory M. In other words, to study homotopy
types, it sues to onsider oalgebras over the operad S  one never needs to
go to other E∞-operads. We only onsidered these more omplex operads beause
the bar and obar onstrutions seemed to require them.
I onjeture our denitions of the bar and obar onstrutions an be reworked
so that one remains in the ategory L.
Proof. Suppose X and Y are semi-simpliial sets suh that C(X),C(Y ) ∈ L be-
ome equivalent when regarded as objets of M. Then there exists a homotopy
equivalene
|X | → |Y |
whih indues a homology equivalene
C(∆˙(X))→ C(∆˙(Y ))
where ∆˙(X) and ∆˙(Y ) are the singular omplexes of X and Y , respetively. The
onlusion follows from the fat that the inlusions
C(X) → C(∆˙(X))
C(Y ) → C(∆˙(Y ))
are equivalenes in L  see 3.29. Given any morphism in M
f :C(X)→ C(Y )
we know that there exists a geometri map
|X | → |Y |
realizing it. But this implies the existene of a orresponding morphism of singular
omplexes and a morphism in L.
In the previous results' proof we used intermediaries that are (almost always) un-
ountably generated to enapsulate homotopy theory. It is interesting to note that
this is not neessary when one restrits oneself to nite semi-simpliial sets.
Reall the denition of F0 in 3.3 and the inlusion funtor
F0 ⊂ L0
induing a funtor of loalizations
i:F→ L
It is not lear that this funtor is faithful. Our main result will be that its
restrition to topologially realizable m-oalgebras is faithful.
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Reall the well-known fat that the ategory of nite semi-simpliial sets is equiv-
alent to that of nite simpliial sets  semi-simpliial sets whose simplies are all
non-degenerate.
We reall the important notion of baryentri subdivision:
Denition 9.14. If X is a simpliial set and p is a point (not ontained in X)
let δ(X, p) denote the one on X with apex p. This is funtorial with respet to
morphisms of pairs (X, p).
Indutively dene a funtor b(∗) on simplies via:
1. If σ is a 0-simplex, b(σ) = σ.
2. If σn is an n-simplex, b(σn) = δ(b(∂σn), βσ), where βσ is a point disjoint from
X and, as the notation implies, depending on σ.
This extends to a funtor b(∗) on simpliial sets, alled baryentri subdivision.
Remark 9.15. It is well-known that there exists a pieewise-linear homeomorphism
|b(X)| → |X |
sending βσ to the (geometri) baryenter of σ for all σ ∈ X . This implies that
C(X) ≡ C(b(X)) in L, by 9.12. Our main result will be that, if X is nite, then
this equivalene also holds in F.
We need the following:
Lemma 9.16. There exists a funtor Z(∗) on the ategory of simpliial sets suh
that there exist funtorial inlusions
X ⊂ Z(X)(9.12)
b(X) ⊂ Z(X)(9.13)
that are both homology equivalenes.
Proof. In fat |X | will be a strong deformation retrat of Z(X) via a funtorial
retration, and the inlusion of |b(X)| ⊂ |Z(X)| will be a homotopy equivalene.
We dene Z(∗) indutively on simplies via:
1. If σ is a 0-simplex, Z(σ) = δ(σ, pσ), where pσ is some point disjoint from σ
and depending on σ. Note that Z(σ) = σ × I.
2. If σ is an n-simplex, dene Z(σ) = δ(σ ∪ Z(∂σ), pσ), where pσ is some point
disjoint from σ ∪ Z(∂σ)  and depending on σ.
The following diagram illustrates this onstrution:
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σ2
σ10 p
σ
1
1
σ11
p
σ
1
1
σ12
p
σ
1
2
p
σ
2
δ(σ10,pσ10)δ(σ11,pσ11)
δ(σ12,pσ12)
δ(σ2,p
σ
2)
where the shaded area (σ2) was in X .
It is easy to see that this onstrution is funtorial with respet to inlusions
of faes so it extends to a funtor on the ategory of simpliial sets. For every
simpliial setX there exists a anonial inlusionX ⊂ Z(X) and a set of 0-simplies
p∗ ⊂ Z(X) indexed by the simplies of X .
It is also trivial (see 9.14) to see that the inlusion 9.13 exists and is funtorial.
We laim that there exists a funtorial retration
rX : |Z(X)| → |X |
making |X | a strong deformation retrat of |Z(X)|. Simply dene rX to be the
unique pieewise-linear map xing |X | ⊂ |Z(X)| and sending pσ to the baryenter
of |σ| for all σ ∈ X . The restrition of this map to |b(X)| ⊂ |Z(X)| oinides with
the well-known homeomorphism |b(X)| → |X |. It follows that the inlusions 9.12
and 9.13 both indue homology isomorphisms.
Corollary 9.17. If X is a nite, pointed, simply-onneted simpliial set, then
C(X) and C(b(X)) dene the same element of F.
Now we an appeal to the well-known simpliial approximation theorem to onlude
that:
Proposition 9.18. Let X and Y be nite, pointed, simply-onneted simpliial
sets and let
f : |X | → |Y |
be a map. Then there exists a well-dened indued morphism
f∗:C(X)→ C(Y )
in the ategory F depending on the homotopy lass of f . This morphism is an
equivalene if and only if f was a homotopy equivalene.
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Proof. The simpliial approximation theorem says that there exist integers n,m > 0
and a simpliial map
g: bn(X)→ bm(Y )
suh that
|g|: |X | → |Y |
is homotopi to f where we have identied |X | with |bn(X)| and |Y | with |bm(Y )|,
respetively, via the well know homeomorphisms between them. To see that this
indued map only depends on the homotopy lass of f , apply this argument to
X × I and Y .
Corollary 9.19. Let F denote the homotopy ategory of nite, pointed, simply-
onneted simpliial sets. Then the funtor C(∗) denes an equivalene of ategories
C(∗):F → F+
where F+ ⊂ F is the sub-ategory of topologially realizable, nitely-generated m-
oalgebras over S.
We may state our main result in non-ategorial terms:
Corollary 9.20. Let X and Y be pointed, simply-onneted semisimpliial sets and
let
f :C(X)→ C(Y )
be a hain-map between anonial hain-omplexes. Then f is topologially re-
alizable if and only if there exists an m-oalgebra C over S and a fatorization
f = fβ ◦ fα
C(X1)
fα // C
fβ
//
C(X2)oo
ι
where fα is a morphism of m-oalgebras, ι is an elementary equivalene  an
injetion of m-oalgebras with ayli, Z-free okernel  and fβ is a hain map
that is a left inverse to ι. If X and Y are nite, we may require C to be nitely
generated.
Proof. This follows diretly from 9.19 and 3.18.
Appendix A. Cobar Duality
In this appendix, we lay the groundwork for proving 6.12 by dening a duality
morphism between the bar and obar onstrutions somewhat like that in 2.22.
A.1. Denitions.
Denition A.1. Let β1, . . . , βk be k length-n sequenes of nonnegative integers,
and let q =
∑k
i=1 |βi|. Dene:
1. Z{β1, . . . , βk} ∈ RSq to be the signed shue-permutation that shues
the sequene {1, . . . , q} = {β1,1, . . . , β1,n, . . . , βk,1, . . . , βk,n} into
{β1,1, . . . , βk,1, . . . , β1,n, . . . , βk,n}. The sign is just the parity of the
permutation.
2. V (β1, . . . , βk) to be the orresponding shue-map C
q → Cq.
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Remark A.2. Note that V (β1, . . . , βk) is a map of a tensor produt of opies of C
and Z{β1, . . . , βk} is an element of RSq. By denition Z{α} (where α is a single
sequene of integers) is the identity map.
The obar onstrution is a free DGA-algebra. Its n-fold tensor produt F(C)n
is also a free DGA-algebra with produt operation dened by
r1 · · · rk = V (β1, . . . , βk)(r1 ⊗ · · · ⊗ rk)
where ri ∈ (Σ
−1C)βi
Proposition A.3. Let u(n, k) be the k × n matrix

1 . . . n
n+ 1 . . . 2n
.
.
.
.
.
.
.
.
.
n(k − 1) + 1 . . . kn


let S(n, k) be the sequene that results from transposing u(n, k) and reading o its
entries from left to right by rows, and let p(n, k) be the permutation that maps
{1, . . . , nk} to S(n, k). Then
Z{β1, . . . , βk} = T{β1,1,...,β1,n,...,βk,1,...,βk,n}(p(n, k))
A.2. The map. We begin by dening the duality map in the ase where our operad
is CoEnd(C) for a hain-omplex C.
Corollary A.4. The omposite
(A.1) h = HomZ(1,
⊕
{β1,...,βk}
V (β1, . . . , βk)) ◦ h
k
0 :
(ΣHomZ(C,F(C)
n))
k
→ HomZ((Σ
−1C)k,F(C)n)
denes an injetive morphism of ZSn-hain omplexes, where:
1. hk0 : (ΣHomZ(C,F(C)
n))
k
→
(
ΣHomZ(Σ
−1C,F(C)n)
)k
is the natural iso-
morphism
2. The diret sum is taken over all sets of k length-n sequenes of nonnegative
integers, {β1, . . . , βk}.
3. The summand V (β1, . . . , βk) is applied to
(A.2) HomZ
(
Σ−1C, (Σ−1C)β1,1 ⊗ · · · ⊗ (Σ−1C)β1,n
)
⊗HomZ
(
Σ−1C, (Σ−1C)β2,1 ⊗ · · · ⊗ (Σ−1C)β2,n
)
.
.
.
⊗HomZ
(
Σ−1C, (Σ−1C)βk,1 ⊗ · · · ⊗ (Σ−1C)βk,n
)
⊂ ΣHomZ (C,F(C)
n)
4. Sn ats on both sides by permuting fators of the rightmost argument of
HomZ(C, ∗).
Proof. This is straightforward: the V maps shue the fators of F(C)n into the
appropriate positions.
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1. At this point, we an try to pull bak the dierential of
HomZ((Σ
−1C)k,F(C)n) (indued by HomZ(F(C),F(C)
n) to
(ΣHomZ(C,F(C)
n))
k
. As before, this dierential is a perturbation of the
tensor algebra dierential, ∂⊗ + p.
2. Sine (ΣHomZ(C,F(C)
n))k already has the dierential of a tensor algebra, we
need only perturb it by a term orresponding to the dual of p (sine it appears
as the left argument of a HomZ(∗, ∗)-funtor). Sine p is dened by a oprodut
(and higher oproduts of C), the dual orresponds to a produt (with higher
produt-operations). We must, onsequently, dene an A∞-algebra struture
on
⊕
(ΣHomZ(C,F(C)
n))
k
 or Zn(CoEnd(C)).
We must, onsequently, onsider:
Proposition A.5. It is possible to dene a set {µi} of produt-operations on
HomZ(C,F(C)
n) that make the following diagram ommute:
⊗k
i=1ΣHomZ(C, (Σ
−1C)βi)
hβ1,...,βk //
µk

HomZ((Σ
−1C)k,F(C)n)
HomZ(δk,1)

HomZ(C, (Σ
−1C)α)
hα
// HomZ(Σ
−1C,F(C)n)
(A.3)
where
1. hβ1,...,βk = HomZ(1, V (β1, . . . , βk)) ◦ h1
2. hα = HomZ(1, V (α)) ◦ h1 = h1
3. {δi} are the higher oproduts from the A∞-oalgebra struture of C.
Remark A.6. The {hβ1,...,βk} are just restritions of the h-map dened in A.4 to
various summands of
⊗
ΣHomZ(C,F(C)
n).
Proof. This follows from the fat that the term HomZ(δi, 1) is expressible in terms of
the omposition operations in CoEnd(C), so it pulls bak to ΣHomZ(C, (Σ
−1C)α).
Now we formulate a denition of the {µi} for an arbitrary operad, rather than just
CoEnd(C). This is a variation on 2.49:
Denition A.7. Given any operad R, we an dene a morphism of Z-modules
tn:Rn → End(Zn(R))
as follows:
85
OPERADS AND ALGEBRAIC HOMOTOPY Justin R. Smith
The adjoint, t∗n, is the omposite
Rk ⊗ Σ
−|β1|Rβ1 ⊗ · · · ⊗ Σ
−|βk|Rβk
1⊗↑β1⊗···⊗↑βk

Rk ⊗Rβ1 ⊗ · · · ⊗Rβk
f⊗1k

Rk ⊗Rβ1 ⊗ · · · ⊗Rβk
T¯

Rβ1 ⊗ · · · ⊗Rβk ⊗Rk
γR

Rα
↓|α|Z
{
β1,...,βk
}

Σ−|α|Rα
(A.4)
(see A.1) where
γR:Ri1 ⊗ · · · ⊗Rik ⊗Rk → Ri1+···+ik
denes the operad struture of R (see 2.9),
T¯ :Rk ⊗Ri1 ⊗ · · · ⊗Rik → Ri1 ⊗ · · · ⊗Rik ⊗Rk
is the map that permutes the fators, and α =
∑k
i=1 βi with the summation of
sequenes taken elementwise. Here the {βi} are k length-n sequenes of nonnegative
integers.
Proposition A.8. If R = CoEnd(C), the maps tk dened in A.7 and the µ-maps
dened in A.5 satisfy the equation
µk = ↑ ⊗ · · ·⊗ ↑︸ ︷︷ ︸
k times
◦tk◦ ↓: (ΣHomZ(C,F(C)
n)k → HomZ((Σ
−1C)k,F(C)n)
Proof. This follows from:
1. The t-maps in A.7 are a diret translation of A.5 into operad-ompositions.
2. In diagram A.3, the maps HomZ(1, V (β1, . . . , βk)) and HomZ(δi, 1)
an be permuted  i.e. HomZ(δi, 1) ◦ HomZ(1, V (β1, . . . , βk)) =
HomZ(1, V (β1, . . . , βk)) ◦HomZ(δi, 1).
This means that we an apply the map HomZ(1, V (β1, . . . , βk)) last  and
its translation into operad-ompositions is preisely Z{β1, . . . , βk}.
Appendix B. Compositions
Now we are in a position to dene omposition operations on B¯(Zn(R)) and
Yn(R)⋆ρn B¯(Zn(R)) that make the maps in 6.12 into operad morphisms.
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On the summand (ΣHomZ(C,F(C)
n)
α
⊗ (ΣHomZ(C,F(C)
n)
β
, we dene ◦i via
HomZ(1, V (γ1, . . . , γn+m−1)
−1◦
HomZ(1, V (α1, . . . , αn)) ◦i HomZ(1, V (β1, . . . , βm))
where γ = {γ1, . . . , γn+m−1} results from ombining the sequenes α and β suitably.
We illustrate this with diagram B.1. Suppose we are trying to form the omposite
a ◦i b
where
a ∈
j⊗
ℓ=1
ΣHomZ(C, (Σ
−1Cαℓ) = A
α = {α1, . . . , αj} onsists of j length-n sequenes of nonnegative integers and
b ∈
k⊗
t=1
ΣHomZ(C, (Σ
−1Cβt) = B
β = {β1, . . . , βk} is k length-m sequenes of integers. Observe that (as in gure
B.1):
1. We may regard a and b as maps
a: (Σ−1C)j →
j⊗
ℓ=1
(Σ−1C)αℓ
and
b: (Σ−1C)k →
k⊗
t=1
(Σ−1C)βt
respetively.
2. In the mapping to HomZ(F(C), (F(C))
n), the ith olumn of the diagram
orresponds to the ith opy of F(C) in the right argument of HomZ(∗, ∗) 
and that the tth row of the diagram orresponds to the tth opy of Σ−1C ⊂
F(C) in the left argument.
Consequently, the omposite a ◦i b is only nonzero if j =
∑
β∗,i.
Given these onsiderations, we onsider what the omposition does. We insert
the rows of the target of a into the rows of the target of b. There is one nal
subtlety to this, however: we want to insert opies of F(C) from the target of a
into olumn i of the target of b. This means we must shue the opies of Σ−1C in
the target of a before inserting them into the target of b  see gure B.2.
As before, we formulate this in terms that are well-dened for any operad:
Denition B.1. Let R be an operad and dene omposition-operations on diret
summands of B¯(Z∗(R) as follows:
1. let α = {α1, . . . , αj} be a sequene of j length-n sequenes of nonnegative
integers, and let a = [r1| . . . |rj ] ∈ B¯(Zn(R)) with rv ∈ Σ
−|αv|Rαv
2. let β = {β1, . . . , βk} be a sequene of k length-m sequenes of integers and
let b = [s1| . . . |sk] ∈ B¯(Zm(R) with sw ∈ Σ
−|βw|Rβw .
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(Σ−1C)k
(Σ−1C)β1,1 ⊗ · · · ⊗ (Σ−1C)β1,i ⊗ · · · ⊗ (Σ−1C)β1,m
⊗
.
.
.
⊗
(Σ−1C)βk,1 ⊗ · · · ⊗ (Σ−1C)βk,i ⊗ · · · ⊗ (Σ−1C)βk,m
b
//
ith olumn
orresponds to the
ith opy of F(C)
in target, F(C)m




 _ _ _ _ 











 _ _ _ _ ︸ ︷︷ ︸












Σ−1C
⊗
.
.
.
⊗
Σ−1C


j times
(Σ−1C)α1,1 ⊗ · · · ⊗ (Σ−1C)α1,n
⊗
.
.
.
⊗
(Σ−1C)αj,1 ⊗ · · · ⊗ (Σ−1C)αj,n
a
oo
Figure B.1. Forming the omposition a ◦i b in B¯Zn(CoEnd(C))
Then a ◦i b is nonzero only if j =
∑k
t=1 βt,i, in whih ase
a ◦i b = S[r
′
1| . . . |r
′
k]
where
r′t = V
′(↑|β˜t,i+βt,i−1| rβ˜t,i+βt,i−1)◦βˆt,i+βt,i−1
· · · (↑|β˜t,i+1| rβ˜t,i+1) ◦βˆt,i+1 (↑
|β˜| rβ˜i,t) ◦βˆt,i (↑
|βw| st)
and:
1. S = (−1)AB, where A =
∑n
t=1 |αt| and B =
∑m
t=1
∑i−1
z=1 βt,z
2. βˆt,i =
∑i−1
v=1 βt,v and β˜t,i =
∑t−1
v=1 βv,i
3. V ′ =↓A Z{λ1, . . . , λβt,i}, where the {λµ} are βt,i length-n sequenes of inte-
gers dened by λu,v = αβ˜t,i+u−1,v
Remark B.2. These ompositions represent a diret translation of gure B.2 into
formal omposition operations. For instane,
1. βˆt,i ounts the number of opies of Σ
−1C that preedes the tth olumn (where
the maps dening a get inserted).
2. βv,i is the number of opies of Σ
−1C that are applied to the νth row of the
map dening b, whih means that
88
Justin R. Smith OPERADS AND ALGEBRAIC HOMOTOPY
· · · ⊗ (Σ−1C)βt,i−1 ⊗ (Σ−1C)βt,i ⊗ (Σ−1C)βt,i+1 ⊗ · · ·
· · · ⊗ (Σ−1C)βt,i−1 ⊗


Σ−1C
⊗
.
.
.
⊗
Σ−1C


⊗ (Σ−1C)βt,i+1 ⊗ · · ·
···⊗1⊗a⊗1⊗···

· · · ⊗


(Σ−1C)
αβ˜t,i,1 ⊗ · · · ⊗ (Σ−1C)
αβ˜t,i,n
⊗
.
.
.
⊗
(Σ−1C)
αβ˜t,i+βt,i−1,1 ⊗ · · · ⊗ (Σ−1C)
αβ˜t,i+βt,i−1,n


⊗ · · ·
···⊗1⊗V ′⊗1⊗···

· · · ⊗




(Σ−1C)
αβ˜t,i,1
⊗
.
.
.
⊗
(Σ−1C)
αβ˜t,i+βt,i−1,1

⊗ · · · ⊗


(Σ−1C)
αβ˜t,i,n
⊗
.
.
.
⊗
(Σ−1C)
αβ˜t,i+βt,i−1,n




⊗ · · ·
Figure B.2. Forming the omposition a ◦i b in B¯Zn(CoEnd(C)) (ontinued)
3. β˜t,i is the number of the rst fator of Σ
−1C in the map dening a that is
available to be applied to the tth row of the map dening b (in other words, it
totals the number of opies of Σ−1C that were used up by rows 1 through
t− 1).
As suh, these ompositions dene the operad struture of CoEnd(FC) in terms of
the operad struture of CoEnd(C).
Proposition B.3. Let C be an m-oalgebra over the E∞-operad R. In addition,
let
fn: B¯(Zn(R))→ CoEnd(FC)n
for all n > 1 be the hain-maps indued by the struture map of C. If B¯(Zn(R)) is
equipped with the omposition-operations dened in B.1, then
1. B¯(Zn(R)) is an operad
2. the maps {fn} onstitute a morphism of operads
Proof. The seond statement is the easiest to prove  bearing in mind the remark
following B.1. The rst statement (that B¯(Zn(R)), with these ompositions, is an
operad) requires us to verify the dening identities of an operad in 2.9).
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We use the hypothesis and 2.50 (and 5.22) to onlude that there exists a oal-
gebra, D, over R with an injetive struture map
R→ CoEnd(D)
It is not hard to see that the indued map
B¯(Zn(R)→ CoEnd(FD)
will also be injetive. Sine (by statement 2 in the onlusions) we know that the
omposition-operations of B¯(Zn(R) map to those of CoEnd(FD) and sine the
latter satisfy the operad identities, it follows that the former do as well.
Now we will determine orresponding ompositions on Yn(R)⋆ρn B¯(Zn(R)) to make
the map g∗ in 6.12 a morphism of operads. As before, we are guided by the behavior
of ompositions in CoEnd(C ⊗λ FC). Several features of these ompositions ome
to mind:
Let u ∈ CoEnd(C ⊗λ FC) be in the image of
y⋆z ∈ Yn(CoEnd(C))⋆ρn B¯(Zn(CoEnd(C)))
Then y = u|C ⊗ 1 ⊂ C ⊗λ FC and z = u|1⊗FC ⊂ C ⊗λ FC  sine C ⊗λ FC is
a free FC-module.
Given y1, y2 ∈ Yn(CoEnd(C)) and z1, z2 ∈ B¯(Zn(CoEnd(C))), let
y⋆z = (y1⋆z1) ◦i (y2⋆z2)(B.1)
Claim B.4. In equation B.1, z = z1 ◦i z2.
Proof. Note that
(y1⋆z1) ◦i (y2⋆z2)|1⊗FC = (y1⋆z1) ◦i (y2⋆z2|1⊗FC)
= (y1⋆z1) ◦i 1⊗ z2
= 1⊗ (z1 ◦i z2)
sine FC ⊂ C ⊗λ FC so that the fator B¯(Zn(CoEnd(C))) in
Yn(CoEnd(C))⋆ρn B¯(Zn(CoEnd(C))) is losed under ompositions.
Consequently, the only remaining problem is to ompute
y⋆z|C ⊗ 1 = (y1⋆z1) ◦i y2
sine
y⋆z = (y1⋆z1) ◦i y2 · (z1 ◦i z2)
We will ompute this on the anonial summands of the fators. Let:
1. γ = {γ1, . . . , γk} be a sequene of nonnegative integers and let
y2 ∈ Σ
−|γ|CoEnd(C){γ′1,...,γ′k} ⊂ Yk(CoEnd(C)) (realling the notation
γ′ℓ = γℓ + 1 and |γ| =
∑
γℓ  see 6.7)
2. β = {β1, . . . , βr} be a sequene of length-j sequenes of nonnegative integers
(i.e., a two-dimensional array) and let
z1 = [v1| . . . |vr] ∈
r⊗
t=1
ΣΣ−|βt|CoEnd(C)βt ⊂ B¯Zj(CoEnd(C))
3. α = {α1, . . . , αj} be a sequene of nonnegative integers and let
y1 ∈ Σ
−|α|CoEnd(C){α′1,...,α′j} ⊂ Yj(CoEnd(C))
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C


C ⊗ (Σ−1C)γ1
⊗
.
.
.
⊗
C ⊗ (Σ−1C)γi
⊗
.
.
.
⊗
C ⊗ (Σ−1C)γk
y2
//
ith row
orresponds to the
ith opy of C ⊗λ F(C)
in target, (C ⊗λ F(C))
k
::
::
::
::
::
::
::
::
'&%$ !"#
U ⊗ C ⊗λ (Σ
−1C)α1 ⊗ · · · ⊗ C ⊗λ (Σ
−1C)αj?> =<89 :;
tt
tt
tt
tt
tt
tt
tt
tt
tt
tt
tt
tt
tt
t
1U ⊗ y1
zz
?> =<89 :;
(Σ−1C)β¯1 ⊗ · · · ⊗ (Σ−1C)β¯j ⊗ V?> =<89 :;
z1 ⊗ 1V
⊗
U ⊗ C ⊗λ (Σ
−1C)α1+β¯1 ⊗ · · · ⊗ C ⊗λ (Σ
−1C)αj+β¯j ⊗ V





shuffle
		
(C ⊗λ FC)
j+k−1
 _

Figure B.3. Forming the omposition (y1⋆z1) ◦i y2
Then gure B.3 depits the maps that enter into (y1⋆z1) ◦1 y2, where:
1. β¯i =
∑r
ℓ=1 βr,i  i.e., the summation by olumns.
2. U =
⊗i−1
ℓ=1 C ⊗λ (Σ
−1C)γℓ
3. V =
⊗k
ℓ=i+1 C ⊗λ (Σ
−1C)γℓ
Examination of gure B.3 shows that we must have γi = r (so that the opies of
Σ−1C math up with the bars in [v1| . . . |vr]). We may write the ompositions of
maps in terms of the omposition operations of CoEnd(C) and the shue permu-
tation at the bottom of gure B.3 translates into the ation of a suitable element
of a symmetri group. We get
Proposition B.5. Let R be an operad, let j, k, i, and r be nonnegative integers
with i ≤ k. In addition, let
1. γ = {γ1, . . . , γk} be a sequene of nonnegative integers.
2. β = {β1, . . . , βr} be a sequene of length-j sequenes of nonnegative integers
(i.e., a two-dimensional array).
3. α = {α1, . . . , αj} be a sequene of nonnegative integers.
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Dene omposition-operations
Yj(R)⋆ρj B¯(Zj(R) ◦i Yk(R)
on anonial diret summands
1. Y1 = Σ
−|α|R{α′1,...,α′j} ⊂ Yj(R)
2. Z1 = [v1| . . . |vr] ∈
⊗r
t=1ΣΣ
−|βt|Rβt ⊂ B¯Zj(R)
3. Y2 = Σ
−|γ|R{γ′1,...,γ′k} ⊂ Yk(R)
via
• if r 6= γi then (y1⋆z1) ◦i y2 = 0
• otherwise
(y1⋆z1) ◦i y2 = ↓
|α|+|γ|+
∑
β¯∗
◦ Z(↑|α| y1) ◦µ (↑
β¯1 r1) ◦µ+1 · · · ◦µ+j−1 (↑
β¯j )◦µ+j ↑
|γ| y2
where:
1. µ = i+
∑i−1
ℓ=1 γℓ
2. Z = Z{(1, α1, 1, α2, . . . , 1, αj), (0, β¯1, . . . , 0, β¯j)}
for all y1 ∈ Y1, z1 ∈ Z1, and y2 ∈ Y2. Extend these ompositions to all of
Yj(R)⋆ρj B¯(Zj(R)
by setting
(y1⋆z1)⋆(y2⋆z2) = ((y1⋆z1) ◦i y2) · (z1 ◦i z2)(B.2)
for all y1, y2 ∈ Yj(R) and z1, z2 ∈ B¯(Zj(R)
Then the {◦i} dene the operad struture of
Yj(R)⋆ρj B¯(Zj(R) ◦i Yk(R)
in the ase where R = CoEnd(C).
Remark B.6. This follows diretly from gure B.3. We have simply translated
1. ompositions of maps into suitable {◦i} operations in CoEnd(C) (ounting
the number of fators of Σ−1C to the right of the fator we are interested in
to determine the value of i)
2. the shue map beomes the ation of a suitable shue permutation in the
symmetri group.
3. The produt map in equation B.2 translates into a shue map (therefore the
ation of a shue permutation) beause FC is a free algebra.
Note that we do not laim, given an arbitrary operad R, that
Yj(R)⋆ρj B¯(Zj(R)
equipped with these ompositions, onstitutes an operad. We only know that it is
an operad when R = CoEnd(C).
Theorem B.7. Let C be an m-oalgebra over an E∞-operad, R, and let
T = Yj(R)⋆ρj B¯(Zj(R)
be equipped with the ompositions dened in B.5. Then:
1. The set of hain-omplexes T onstitute an operad
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2. the map
Yj(R)⋆ρj B¯(Zj(R)→ CoEnd(C ⊗λ FC)
dened in 6.12 is a morphism of operads.
Proof. As before, the seond statement is the easy one to prove  it follows diretly
from B.5. As in B.3, the rst statement (that T is an operad follows from 2.50 
whih implies that there exists a oalgebra, D, over R with an injetive struture
map
R→ CoEnd(D)
It is not hard to see that the indued map
Yj(R)⋆ρj B¯(Zj(R)→ CoEnd(D ⊗λ FD)
will also be injetive. This requires a quik hek that we have not used any of the
spei properties of m-oalgebras distinguishing them from arbitrary oalgebras
over an operad (i.e., the fat that they are onentrated in positive dimensions).
Sine (by statement 2 in the onlusions) we know that the omposition-operations
of Yj(R)⋆ρj B¯(Zj(R) map to those of CoEnd(D⊗λFD) and sine the latter satisfy
the operad identities, it follows that the former do as well.
Proposition B.8. Under the hypotheses of B.5 and B.7, the
omposition-operations of
Yj(R)⋆ρj B¯(Zj(R)
restrited to the anonial summand Y0 = Σ
−|α|R{α′1,...,α′j} ⊂ Yj(R) with all αℓ = 0
oinide with the omposition-operations of Rj = Y0.
Proof. Simply set all γℓ = 0 in the formula in B.5.
Appendix C. Conordane between the urrent notation and that of
[20℄
Notation in [20℄ Current
formal oalgebras non-Σ operad
symmetri formal oalgebra operad
f-resolution E∞-operad
weakly-oherent m-oalgebra m-oalgebra
oherent m-oalgebra m-oalgebra over S
F(R, n) L(R)
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